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PREFACE. 

In the earlier part of this book — the part in which . 
the method of co-ordinates is described and applied to 
the straight line and the conic sections — I have adopted 
the plan of Mr Todhunter's Co^yrdinate Geometry^ 
examining the parabola^ ellipse, and hyperbola before 
discussing the general equation of the second degree. 

In the thirteenth chapter some account is given 
of projection and reciprocal polars. In applying per- 
spective projection I have not ventured beyond real 
conceivable geometry. 

The last chapter introduces equations of higher 
degrees than the second. 

The reader of Mr Salmon^s works will anticipate 
my great obligations to the Conic Sections and Higher 
Plane Curves. I would also make grateful mention of 
Mr Ferrers' Trilinear Co ordinates, though I have not 
studied to keep strictly apart the methods of trilinear 
co-ordinates and abridged notation. 

W. P. TURNBULL. 

Trinity Gollkgk, 
May, 1867. 



CONTENTS. 



CHAPTER I. 

PAGIE 

Introduction 1 

Examples 11 

CHAPTER II. 

The Straight Line 14 

Examples 27 

CHAPTER in. 

The Straight Line 29 

Examples 44 

CHAPTER IV. 

The Straight Line 48 

Examples 57 

CHAPTER V. 

Abridged Notation of the Straight Line 60 

Examples 72 

CHAPTER VI. 

The Circle 76 

Examples . 86 

CHAPTER VIL 

The Circle (continued) 90 

Examples 96 



VIU CONTENTS. 

CHAPTER VIII. 

PA.GE 

Tlio Parabola 99 

Examples 108 

CHAPTER IX. 

Tho EUipee 112 

Examples j.27 

CHAPTER X. 

The Hyperbola 132 

Examples 14^7 

CHAPTER XL 

Oeneral Propositions 152 

Examples 177 

CHAPTER XXL 

Abridged Notation 183 

Examples 198 

CHAPTER XIII. 

Miscellaneous Theorems and Methods 201 

Examples 230 

CHAPTER XIV. 

Carves of Higher Degrees 233 

Examples 247 

Answebs to the Examples 252 

Readers who are studying this subject for the first time may find it 

good to omit most of Chapters IV, V, VII, XI, XII, XIII, XIV, and 
to read no chapter completely before trying its examples. 



ERRATA. 



r 



^ Page 2, line 15. For X' read XX . ' 

„ — „ 16. For OX read or. 
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„ 57, Ex. I (4). For 4fl^« read 4x1/. 

,y — »» (5)- For 4y« read 4X«. 

„ 59, Ex. 20. For 'a rigid' read 'an equilateral'. 
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INTBODUCTION. 



!• Algebra enters into Geometry in two ways. It may 
be applied, as in Trigonometry, to problems concerning the 
magnitudes of lines, areas, volumes, or angles ; and it may be. 
applied to problems concerning the positions of lines and sur- 
faces. Both these applications are made in the subject of 
Analytical Qeometry, which in its most general form deals with 
space of three dimensions ; and both are made in that special 
and simpler branch of Analytical Gteometiy which is concerned 
only with figures lying in one plane. 

2. Let there be chosen in the plane of operations a point 
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2 INTBODUCTION. 

and two unlimited straight lines X! OX^ YOY passing throng^h 
Oy and intersecting at right angles. Then ftnppose we kno^vir 
that a certain point in the plane is at a distance h from the line 
X'OXi and at a distance a from the line Y OY^ and that we are 
required to find this point. Take if, M in XX\ such that 
OM^ OM' = a, and N, IT in YY\ such that ON^ OIT^ 6, and 
draw through Jf, M' parallels to XX' j and through N^ If parallels 
to YYf so as to form the rectangle P^P^gP^. Then we know that 
the point in qucstluu la one of tLo four angular points of this 
rectangle ; and we ^now no more about the position of the point. 
But suppose that distances from YY' are positive or negative 
according as they are on the OX-aiie or the OX'-bHq of YY\ 
and that the sign + is placed before a ; then we know that the 
point in question is either P^ or P^ Again, suppose also that 
distances from X' are positive or negative according as the;^ 
are on the OF-side or the OX- side of XX ^ and that the sign + 
is placed before b ; then we know that the point in question is JF^. 

If for + a, + 6 there had been given — a, + J, the point in 
question would have been P, ; if — a, — 6, P, ; if + a, — J, P^. 

3. The distances (properly signed) of a point from the fixed 
lines XX' f YY' are called the co-crdinaies of the point. The 
co-ordinate measured parallel to XX' is usually denoted by the 
symbol a?, and that measured parallel to YY by the symbol y. 
Thus the x of the point P^ is + a, and the y is + ft; or, more con- 
cisely, for the point P^^x^a, y = 6. Similarly for the point 
Pj, a? = — o, y = J ; for the point Pg, ae = — a, y =s — J ; for the 
point i^, or = a, y = — J. 

We may also speak of the point P^ as the point {a, J), and of 
the points P^, P^, P^ as the points (- a, J), (—a, —J), (a, —J) 
respectively. Or we may, when there is no risk of confiision, 
omit the brackets, and, in the case of P^, the comma : thus Pj is 
the point a&. 

4. If instead of choosing XX' and YY' at right angles we 
choose them inclined at any angle, and if we measure parallel 
to XX' distances from FF', and parallel to YY' distances 
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from XX'j and alter Ae word ' rectaa^e* to the more general 
term * parallelogiam/ then Arts. 2, 3 may he repeated. 

The point is called the origin of co-ordinates^ or the origin^ 
The lines XX\ TT' are called the co-ordiruite axesy or the aoces: 
XX^ is the axis ofx and YY is the axis ofy. When the angle 
of XO ]r is a right angle the axes and the co-ordinates are said to 
be rectangular ; when the angle XOY is not a right angle the 
axes and the co-ordinates are said to be oblique. It is commonly 
understood^ when no intimation is given to the contrary, that the 
axes are rectangular. 

S. Another apparatus for registering the position of a point 
in the plane of operations consists simply of a fixed point and a 
fixed line drawn Jirom this point. The method which employs 
this apparatus is called the method of polar ^OH^rdinaies. Let 




be the fixed point and OX the fixed line ; and suppose we know 
that a certain point in the plane is at a distance a from and 
that the line joining it to makes an angle a with OXy and that 
we are required to find this point. 

Make the angles XOP, XOP\ on opposite sides of OX, each 
equal to a, and make OP, OP' each equal to a. Then we know 
that the point in question is either P or P*. There will be no 
doubt which of these two points is to be taken, if angular dis- 
tances measured from OX be considered positive or negative 
according as they are measured towards OP or 01*, and if a 
sign be prefixed to a. 

1—2 
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6. The point Qi^ called the or^in or poUf and the line 
OX the initial line: OP is the radius vecM of the point P, and 
XOP the vectorial angle of the point P. Let the general aym- 
bols for the radius vector and the vectorial angle be respectively 
r and 0, Then the polar co-ordinates of the point P are a, a ; or, 
for the point P, r = a, ^ = a ; or P is the point (a, a). For the 
point P, f = a, (? = — a ; or, P' is the point (a, — a). 

7. The angle' a has been supposed < tt, but by the Trigo* 
notnietrical extension of the term ' angle' we may express the 
position of any point without a negative vectorial angle. Thus 
in the figuro P" is the point (a, 29r — a). In like manner Pis 

the point (a, — 27r — a). 

Again, the radius vector also is capable of two signs. Pro- 
duce PO to P^, so that OP^^OT. Then the symbol (-a, a) 
may be used to express the point Pj. If we wish to express Pj 

with 2k positive radius vector, we may call it the point (a, tt + a) 

or the point (a, — tt — a). So P is the point (—a, 7r + a). The 
points (r, ff)y (— r, 0) are on a straight line through the pole and 
are equidistant from the pole. 

8. Let a;, y be the co-ordinates of any point P referred to 
the rectangular axes OZ, OF, and r, the polar co-ordinates of 




liX 



the same point referred to and OX, vectorial angles being 
considered positive when measured from OX towards F. Then, 
PM being perpendicular to OX, we see from the right-angled 
triangle 0PM that 



x^r cos d, and jf = r sin d. 
and that i^ — qi?-\-j^^ and tan^ = ^.... 



(1); 
(2). 
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Thns if T and Q be known, x and y are known from (1), and 
if X and y be given, we can find r and 6 from (2). 

9. We now proceed to express f^nalytically the length of the 
line joining two given points {Xy^y^^i ^%y^- 

The axes are supposed to be inclined at an angle q»« 




Let P be the point x^y^ and Q the point x^^. 

Draw PJlf, QN parallel to OF and PB parallel to OX so 

that 

x^^OM, y^^PM, x^=ON, y, = OJV: 

Then PIi^x^-x,,QB^y^^y,, 

and P^=PB»+$-B»-2PB. g^ cos PRO 

= (a?,-«i)"+(y,-yJ" + 2(aj,-a?JCy«-yi)cos« .(1). 

In the particular case of rectangular axes o> = x , and 

P(2'=(aT.-«J«+(jr.-yJ« ,.. (2). 

Suppose we require an expression for the distance of a point 
xy from the origin, the axes being inclined at an angle q>. 

We may write a?, y for a;,, y,, in (1), and 0, (the co- 
ordinates of the origin) for a?^, y^. Hence we find that the square 
of the distance is 

oi?+i^ + 2xy cos© (3), 

as might also have been proved independently by a figure. 
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10. In obtainmg the fonntila (1) the quantities x^^ y^, a?,, y^ 
were supposed posittyey so that the points P, Q were bodi in the 
Jlrst campartmeni, as the space within the angle XOYia called. 
But the formula will give aocnrately the distance between any 
two points whose co-ordinates are known. Suppose for instance 
that x^^ y^ are positive and y^^ x^ negatiye, so that F lies in the 
fourth compartment (or wiUiin the angle XOy), and Q in the 
second compartment (or within the angle X'OY). Construct 
the figure as in Art. 9. Then 

for the angle PBQ = w. 




Now PB=^MN^OM+ON:^x, + {'-x;j, 
(for, since a?, is negatiye, the numencal measure of O^is — x^ 



= a?i - x^. 



And QB=^QN+NB^y, + {^y;)^y^^y^; 

/. Pe'=(a?i-a/+(y,-y,)*-2(a?,-a?,)(y,-y^)cosc», 
«(a?,-a?,)"+(y,-yJ» + 2(a?,-a?,)(y,-yJcosa>. 

And any other case may be treated in like manner. 

11. To express the area of a triangle in terms of the co- 
ordinates of the angular points. 

Let P, Q, B, the angular points of the triangle he «,»„ 
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^%y» ^yt respectively^ the axes being inclined at an angle o». 

Q 




Draw the ordrnates (as thej are called) PL^ QM^ BN parallel 
to OY. 

The area of any triangle is measured hj half the product of 
two sides and the sine of the included angle. 

The triai^le PQB 

^figure PLJf^ + figure QMNB-^gaie BNLP. 

Join PMy QL. The figure PLMQ 

= triangle PLM+ triangle PMQj 

= triangle PiJf + triangle QML, (Euclid, i. 37) 

^\{PL'\' QM)ML«mi), 

Similarly, the figure QN 

and the figure PN 

= -i(y8 + yi)(«i-«8)sMi«. 

Thus the area of the triangle is 

^^{(yt+y.)(».-aj^ + (y.+y»)(«i-®0 + (yi+yi)(«.-»i)}. 

wluch expression may be reduced to 
smoo 



(ayr, - «jr, + a5.y, - ^.y, + <^x- »iyi 



(1). 
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In the particular case of Tectangnlar axes the aiea of the 
triangle is 

\{xjf^-x^y^^x^y^^xji^^x^y^^xj/^ (2)- 

If, in anj particular case, the formula for the area of a triangle 
^ye a quantily with a negative sign, this sign must be changed. 
We maj if we please change the sign of the expression for the 
area, and use instead of (1) the formula 

• 

^K(yt-yJ+»«(yi-yi)+»«(yi-yJ} (s). 

The reader will observe that the term ^t(yt'*yi) <^^^ ^ 
obtained from x^(t/^ — y^ bj changing 1, 2, 3 to 2, 3, 1. The 
same change derives x^{y^-y^ from x^{y^-y^ and x^{y^-y^ 
from x^{y^^y^. The suffix 3 is to be considered as coming 
just before the suffix 1. Thus 123, 231, 312 are, in a manner, 
the same order of suffixes, and in like manner 321, 213, 132 are 
all one .order, which is the opposite of the former. 

Ex. The area of the triangle formed bj joining the points 
^lifv ^%y% ^ ^^^ other and to the origin is 

±isina)(a?,yj-a:^yj. 

The area in (1) is expressed as an algebraic sum of tiiree 
such areas. 

12. To find the co-ordinates of the point wh/i^h divides in a 
given ratio the line joining two given poinis. 
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Let ojy be the point P which diyides in the given ratio n^ : n^, 
the line joining the given point x^y^, or ^, to a given point a?,y„ 
or B. Then AP : 5P== n^ : n^. {BA is divided in the ratio 
n, : nj. Draw the ordinates AL^ BM^ PR. Then since (Euclid, 
Book VI.) aU straight lines which are cat bj a system of parallels 
are cut in the same proportion, 

AP LR 
BP^MR' 

that is. ~= *; whence a? = -^^ ^-?. 

n, 0?, — 0?' ^ + ^1 

Similarly y =Mx±Mi, 

n^ + Wj 

The axes may be inclined at any angle. 

In the particular case of bisection n^^^n^^ and thus we see 
that the middle point of AB is 



\ 2 ' 2 ;• 



13. In Art 12 the division was supposed internal; but if 
n^ > n^ AB can be divided externally in the ratio ti^ : n, ; that 
is, a point Q can be found in AB produced, such that 

AQ : BQ = n^ : n^. 

If n^ < n,, a point Q' can be found BA produced, such that 

AQ' : BQ'^n, : n,. 

The co-ordinates of the point of division will be found to be 
in either case 

Wj — Wj Wj — Wj 

which expressions maybe deduced from those in Art 12 by 
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changing the sign of the fraction -^ ; for that change of sign 
changes the x from 

J-Ii-!to.LJJi-!, 

that is to '^^"' ^ ' : and the v to -i2LZ-_i&^ Thus we xnay- 

consider the point Q as a point where AB is divided in the ratio 
^1 * ^ ^s> ^'^^ ^^ point Q' as a point where AB is divided in 
the ratio — n^ : n^, placing the negative sign before n^ or n, 
according as the corresponding segment of the line AB is mea- 
sured along AB forwards or backwards. 

14. The following constniction may be used for finding a 
point Q in jIB produced, such that AQ : BQ^AP : BP {AP 
being of course greater than BPy since AQjb necessarily greater 
than BQ). 

Take any point V not in the line AB; join VA ; through S 

R 




draw RB8 meeting VP produced in R ; make B9 equal to BR ; 
and join V8 meeting AB produced in Q. 

For fj^^f- ^y ®^°^*^ triangles BPB, APV) 

" ZF" zi ^y ^"^"^^ triangles 5^5, ^(27). 
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15. When a line AB is divided in P and Q so that 
vlP : BP=AQ : BQ^ it is said to be divided harmonically. 
For, by the definition of Harmonical Progression, AP^ ABy A Q 
axe in Harmonical Progression, since the first AP is to the 
tliird AQ as the difference PB of the first and second to the 
difference BQ of the second and third. 

(We have supposed .^IP greater than BP. If ilPbe less than 
£Py Q lies in SA produced, andPP, BA^ BQ are in Harmonical 
Progression.) 

QPis also divided harmonicallj at B and Aj for 

QB : ^P= QA : PA. 

Thus QBf QPj QA are in Haimonical Progression. 



Examples on Chapter I. 

N.B. The 0) in brackets at the end of a question means that 
oblique co-ordinates are to be used. 

1. Find the polar co-ordinates of the points whose rect- 
angular eo-ordinates are as follows: 

(1) aj=l,y=l; (2) «=- l,y = -2; 

(3)a:«-3,y = 0; (4) a:«0,y«-4; 

and indicate the points in a figure. 

2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are as follows : 

(l)r=2,^ = |j (2) r- 1,^ = 0; 

(3) r 1,^=-^; (4)r = -l,d = 0; 

and indicate the pdbts in a fignte. 
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8. Find the distance between the points (^8, —1), (5, —5) ; 
and the perimeter of the triangle formed by joining the first 
three points in Example 1. 

4. Find the area of the triangle whose angular points are 
(0, 1), ( - 1, 0), (2, - 2). 

5. The co-ordinates of A, By (7 are respectively 

and the middle points of BO, CA, ABfmD.E, F. Find the 
co-ordinates of D, E^ Fy and those of the middle points of the 
sides of the triangle Dy Ey F •• (o). 

6. Find also the co-ordinates of the point which divides AD 
in the ratio 2:1, and applj the result to shew that the lines 
ADy BEy GFmeet in a point (©). 

7. Prove geometrically that the distance between the points 

(r, ^, (r , ff) is j7* + r'^-2rr'cQa{0'-ff)y and that the area of 
the triangle formed by joining them to each other and to the 
origin is ^* sin {O-^ff). 

8. ABO is any triangle, and ABy AO ktq taken for co- 
ordinate axeSr Given that -45 =c, and AO^hy find th,e co- 
ordinates of the middle point of BOy and the distance of that 
point from the origin. 

9. Apply Example 8 to prove that in any triangle the 
squares on two sides are together double of the square oi^ 
half the base and on the line joining the vertex to the middle 
point of the base. 

10. The axes being inclined at an angle en, and the origin 
and axis, of x being made the origin and initial line of a system 
of pokr co-ordinates, the formulse for transforming Cartesian into 
polar co-ordinates are 

sin (© — ^ sin 

xszr \ -y yssr—, — -. 

smo) ' ^ smo 
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N.B. ^ Cartesian ' coordinates (so named after Des Cartes) 
are such as determine the position of a point hj reference to 
two fixed straight lines. 

11. If i^, i?'' be the middle points oiAB and PQ in Art 15, 

Trace the changes in Q's position as P moves firom Bio A. 

12. Obtain a general formula for all the names of the point 
(r> 0) in polar co-ordinates. 



CHAPTER n. 



THE STRAIGHT LIKE. 



N.B. When ^co-ordinates' aie spoken of it is generally un- 
derstood that they are Cartesian co-ordinates (see note on 
Ex. 10, Chap. I.). 

In this Second Chapter the inclination of the axes is in general 
unrestricted. 

16. The axes being inclined at any angle, let ay be any 
point P on a straight line NP^ which is parallel to OX and 
meets F at a point N^ distant k from 0. Then y=^k (Euclid 
I. 34). This is true for any position of P in the line, and is 
not true for any point out of the line ; for the y of a point 




Q or Q' out of the line must be either algebraically greater or alge- 
braically less than k. Thus the equation y = k belongs peculiarly 
to the line NP, and may be called the ' equation of the line NP.' 
Any one acquainted with the system of co-ordinates could lay 
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down on the plane of operation the line NP firc^n the datnm that 

it is 'the line y=h.^ The equation y^Tc represents the line 

NP. So the equation y^-^k represents a line parallel to OX 

and on the opposite side of OX from NP, meeting the axis 

of y in a point N' such that ON* = ON. In like manner the 

lines x=^hy x = --h are parallel to, and equidistant from, the 

axis of y. Again, the equation 2y + 3 == represents a line par- 

sLUel to the axis of x and meeting the ' negative ' part of the axis 

3 
of y at a distance - from the origin. And, generally, the equa* 

Si 

tion Ay + B= represents a line parallel to the axis of x, and 
the equation Cb + Z) = represents a line parallel to the axis of 
y. That is, a simple (or ' linear ') equation involving only one of 
the < variables ' a?, y represents a line parallel to the axis of the 
Emitted vaxiatle. 

17. Again, let Py be any point P on a straight line passing 
through the origin. Let Oif, P;if be the co-ordinates of P. 




PM 
Then, by Euclid, Bk. vi., the ratio -jyTf is the same for every 

position of P in the line. Let us call it m. Then the following 
relation exists between the corordinates xy of any point in the line 

^ = m, ory = i?wj (1) ; 

and this relation does not exist between the co-ordinates of 
any point Q not in the line. For let the ordinate QN meet 

OP m 5, then ^^ f the ^ of ^ j is not equal to j^, that"is, 

not equal to m. Hence the equation (1) is peculiarly character- 
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mtie of the line OP^ iB, in finct, enough to identify the line OP, 
and is called the ' equation to the line OPJ* 

18. In these cases the quantities h^k^m are called can- 
Btanta, just as sr, y are called variableg. They are constant so 
long as we keep to the same line, but different for di£Ssrent line& 
The constant m in the equation y ^ mx is numerically the ratio 
of the sines of the angles which the line makes with the azea 
The 9^fn of m determines the compartment in which OP lies. If 
m be positive, the line lies in the first and third compartments; 
if negative, in the second and fourth. 

When the axes are rectangular m is the tangent of the angle 
which that part of the line which is on the OFsideof iheaxis of 
X makes with the axis of x produced in a positive direction- 
Thus, to speak accurately, the lines y » a;, y s — a; m*^® angles 
45' and IZS" with the axis of a?. . 

19. Again, let U3 take a line^-^ which meets the axes in A 
and B. not passing through ^nor parallel to either axis. Let P be 



X' A 




iany point xy in this line. Draw PM parallel to OF, meeting 
OX in Jf, and draw OR parallel to AB^ meeting PM in B. 
Suppose 0j5=BC,^and let m be, as before, the ratio of the smes 
of the inclinations of AP to the axes of x and y^ so that y^mx 
is the equation to OB. 

Then PM, the y of P, exceeds RM, the y of i2, by PR, or 
OBy or c. That is, at the point P 

y = mx + c. 
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This equation is true at every point of the line AB^ and (as 
the reader can prove) at no point out of the line. It is therefore 
peculiarly the property of the line -45, and is enough to identify 
the line AB. It is called the equation to the line AB. 

Similarly the line y = mx — c is parallel to the line y =^ ma?, 
and is equidistant with AB from that line. 

20. We have now shewn that corresponding to every 
straight line there is an equation which can be put in one of 
the following forms : 

x = h (1), y = k (2), y^mx (3), y=:«ia? + o (4). 

That is, by giving proper values to the constant or constants, 
we can find among (1), (2), (3) and (4) the" equation to the line. 
Thus for the axis of x choose form (2) and put A: = 0, For the 
axis of y choose form (1) and put A = 0. It is to be observed 
that the form (4) includes (2) and (3). 

All the forms are included in the general equation of the 

first degree, 

Ax-hBy-^ C=0. 

In other words, this last equation can be made to represent any 
proposed straight line by giving proper values to A, B and C, 

21. The question now arises, whether curved lines have 
equations corresponding to them and representing them. It is 
more convenient to ask whether to equations of higher degrees 
than the first there correspond curved, instead of straight, lines* 
The answer is *yes, generally:' but we must for the present 
confine ourselves to the straight line, laying down, however, 
certain definitions applicable throughout the subject of Plane 
Co-ordinate Geometry. 

An equation is said to represent, or be the equation to a line, 
straight or curved, when the equation is satisfied by the co- 
ordinates of every point in the line and by the co-ordinates of 
no .other point. 

And the line, straight or curved, is called the loctis of the 
equation. 

T.G. 2 
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An equation is said to be of the n^ degiee when, after it 
has been reduced to a rational and integral form aa &r bb the 
yariables are concerned, the term or terms of highest dimensions 
in the yariables are of n dimensions* 

Thus the equation - + - = -, reduced to an integral form, is 

M/ 2f '* 

in which — , being of two dimensions in x and y, and being 

vv 

the term of highest dimensions, shews the equation to be of the 
second degree. 

So a"* + ^/y ■■ >/a, reduced to a rational and integral form, 
is yx* = (aj* A/tf - 1)*, and is therefore of the fifth degree. 

An equation of the first degree, reduced to a rational and 
integral form as £aj* as the yariables are concerned, is called a 

linear equation. Thus -+yV2 — 1 = is a linear equation. 

The general type of such equations is Ax + j^ + (7 = 0, and 
Ax -^By-^C is the general type of linear Junctions of x and y. 

22. We may prove directly that an equation of the first 
degree can represent no line but a straight line. For let aj^y,, 
^3^2' ^s^s ^ ^^7 ^^^ points on the locus of the equation 

Ax + Sy+G^O, 
then 

Ax^ + By^ + C=^0, Ax^ + By^ + O=0, -4a?,+J5y,+ (7 = 0. 

From these three equations eliminate A, jB, G by cross 
multiplication, that is, multiply * them respectively by y^ — y^y 
Vs-yv Vi'^Vt »»<i add. There results 

or, since A is not supposed zero, 

«'i(y«-y8) + ^«(y»-yi) + aj3(yi-y,)=o. 

This equation informs us that the area of the triangle of 
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which the vertices are oj^y^, x^y^^ x^y^ is zero. Now these three 
points are any three points oa the locnSy and, as they are proved 
to lie in a straight line, the locus is a straight line. 

If -4 be zero, it is evident that the y of every point in the 
locus is the same : hence the locus must be a straight line pa* 
rallel to the axis oi x. K J? be zero, the locus is a straight line 
parallel to the axis of y. 

Thus the equation Ax-\-By-\-G^O, whatever be the valadd 
of ^, Bj (7, represents a straight line, land if the Ax + By -{- G 
of a point vanishes, that point lies on the line, and if the 
Ax + By'\-G of a point does not vanish, that point does not lie 
on the line. Thus the 8aj— y + 1 of the point (1, 4) vanisheS| 
and the 3a? — y + 1 of the point (2, 3) does not vanish* There- 
fore the point (1, 4) lies on the line So? — y + 1 = 0, and the point 
(2, 3) does not lie on that line. 

We shall sometimes speak of the line represented by the 
equation Ax-h-By-k- G^ as *the line Ax + -By + (7.* 

23, To find the equation to a straight line in terms of the 
intercepts which it makes on the co-ordinate axes* - 

Let P be any point a:y on a line AB which meets the axes 
OX, OY in A, B. Let OA =^a,OB^ I. Join OP and draw 
the ordinate PM. Then 

A^ OB = A50P+ A^ OP. 




Tj ^ A50P BP rc^ ,., ,. DM . ^. X 



2—2 
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wdsimilarly __-=|. 

Therefore ? + y=i. 

a o 

This 18 the eqaation required. 

24 If we suppose a infinite, the equation becomes y =zhj 
representing a line through B parallel to Ox. Similarlj- the 

equation - + v s l includes the form x^^a. When a and h are 

both very great the line is at a very great distance. Also the 
portion AB^ in any case^ lies in the Ist, 2nd, Srd, or 4th com- 
partments according as the signs of a and 6 are + +, — h, , 

or +— . 

Ex. Draw the straight line 2a? - 8y + 7 = 0. The reduced 
form is 

-7^7 



Thus the portion AB lies in the 2nd compartment. 

25. The intercepts of any line A*B* parallel to AB are 
proportional to a and h. Let them be fM, yh. Then the equa- 
tion to AB' is 

^ + ^ = 1 ..(1), 

'' f + f = '* • (2). 

Let AB be fixed and suppose fi to change from + oo to — oo . 
A'B' is at first infinitely distant, and then approaches nearer 
and nearer to AB^ coincides with AB when f& = 1, passes through 
the origin as appears from (2) when ft = 0, and finally is lost 
at infinity on the origin side of AB, 

Thus a line passing through the origin has infinitely small 
intercepts, but they may have ia finite ratio. 
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26. Let Ox he A straight line chosen in space, and let 
-4, B, (7, 2> be any points in space. Draw (Euclid, l 12) Aa\ 




Eby Cc, Dd perpendicular to OX. Then the points a, 5, c, d 
are called the projections of the points -4, 5, C7, D on OX, and 
the lines, oJ, Jc, a(2, &c. are called the projections of. the lines 
AB^ BOf AD, &c. on OX. Let the direction OX be considered 
positive and the direction XO negative : so that ai, he, ac^ dc 
are, in our figure, measured in the positive direction, and ha, cb^ 
ca, cdin the negative direction. 

Then ad is the algebraic sum of ab,hc,cd'. or, the projection 
of the line joining ^ to 2> is the algebraic sum of the projections 
of the three lines which join ^1 to J5, ^ to 0, to -D. 

And generallj the projection of the line joining a point A to 
a point 5 is iJie algebraic suto of ihe projections of the lines 
AA^, AyA^, A^^,..A^^A^y AJB. The order of the two letters 
which denote any line in this series must be strictly observed. 
The projection of AD on OX is not the sum of the projections 
of ^^, D^but the sum of the projections of AF, FD. So also* 
the projection of DA on OX is the sum of the projections of 
BF, FA. 

The sum of the projections of the sides of any closed polygon 
is zero : for if we set out from A and travel round to A again 
through any number of points, the projection a also returns to its 
original position, and has accomplished, therefore, a distance 
zero. 
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Now sappose the line OX and the points projected to lie all 
in one plane. Then ah the projection of AB » AB x cosine of 
the angle between AB and OX. If this angle be acnte, then ha 
the projection of Ja = BA x cosine of the angle between BA and 
OXj and (as this angle is obtuse, being the supplement of the 
former angle) ba is negative, as it ought to be. 









Let AB^ BO J twa straight lines of lengths a, 5, and at right 
angles, connect the points A^ O Let the angle between AB and 
OX be 0. Then the projection of AO on 0X= a cos + 6 sin £^ 
or a cos — 5 sin 0, according as the right angle ABO opens/ or 
does not open, upon OX. (The dotted lin^ and arrows in the 
figure indicate the direction of OX.) 

Projections in one plane can also be made obliquely, by 
ordinates drawn in any constant direction; but the most usual 
system of projection is the orthoffonalj as that which we have 
touched on is named. 

27. The equation to a straight line can be expressed in 
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3d 



teimg of the linens distance from the origin, and the angles which 
this distance makes with the axes. 

Let xy be any point P{OM, PM) on a line AB^ and let OQ^ 
the perpendicular from on AB^ be of length p^ and make with 
the axes OX^ OY the angles a, P. The axes are supposed to 
contain any angle ©, so that a + i8 = ». Then 0^ is the pro- 
jection on OQ of the * broken line' OMP^ and, as the angle 
between MP and OQia ^, this projection 

= 35 cosa + y cos/3. 

Thus 

X cosa+y cos/8=|> (1) 

for any point ay in the line ; and therefore this equation is the 
equation to the line* 

In the case of rectangular axes o> = - , and (1) becomes 

X cosa + y sina=2> (2). 

In the figure the line crosses the first compartment. I£ phe 
negative, the line crosses the 8rd compartment ; if cos a be nega- 
tive and p imd sin a positive, the line crosses the 2nd com- 
partment (Art. 24). 

28. Let xtf be any point P in a straight line, and let a& be a 




foced 
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fiign, BO that, the line being given and A giyen in the line, any; 
point in the line can be found if its ^ be known. Let th^ 
line make angles a, /S with the axes, so that, if a> be the angle 
between the axes, a + /8 = «. If the parallel line through lie 
in the angle X'OY^ fi may be considered negative. 

,-• x — a Binfi y — h sin a 

Then =-: — , ^ =-^ — i 

r sm (k> r sm o> 

by Trigonometry. 

j^^ sm^ sma ^ ^^^Q^ed by ?, m; so that Z, m are ratios 
sm© sm© J ^ 

of the projections of any portion of the line on the co-ordinate 

axes to the portion projected (the projections being made by 

lines parallel to the axes). 

Then ^ = yil^ = r (1). 

I 

This is another form of the equation to a straight line. We 
have supposed r positive : if in the figure P had been taken on 
the other side of A^ then a — a, y — ft, and r would have beeu 
negative. The result (1) would have been unajSected. 

• / " • 

29. The angles a, /S may be called directidt-angles of the 
line AF or of any parallel line, and Z, m the direction-ratios of 
the line APy or of any parallel line. The direction of AP may 
be called the direction [2, m]. Thus AP is drawn through ai in 
direction [I, w]. 

Let Lf M be any quantities proportional to Z, m. Then AP 
may be represented by the equation 

IT F"' 

but these equal quantities are not equal to r, unless L, Jf are 
equal to l^ m as well as proportional Thus we may also call 
the direction [I, m\ * the direction {L, M)\ the square brackets 
being reserved .for the special case of direction-ra^ww. 
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When the axes are rectangular, a + /? == ^ > ^^^ 7) m are the 

cosines of the direction-angles, or the directhnroosinea. The line 

y = 205 is the line (1, 2) or (2, 4) or (/, 2/), but (as the direction- 

r2 ll 
angles are tan"* 2 and the complement of tan"^ 2) KTJ > ]7q • 

r A B 1 

So the direction (-4, B) is the direction / A*_iff > / j, pa r 

Again, let the axes be inclined at any angle, and let and 
Ox be pole and initial line. Then if [Z, m] be the direction of 

OP, the equation to OF is j = ^ = r, a convenient formula for 

changing Cartesian into polar co-ordinates. 

30. To fini the direction-angles of the line y =s mx + c, the 
axes being inclined at an angle o>. 

Let AB (fig. to Art. 19) be the line y = mx + c, and OB the 
paraUel line y = mxy and let BM, parallel to F, meet OX in Jf. 
Also let zBOX=^ a, and z BOY= fi. Then a, /8 are the di- 
rection-angles required, and a + iS = a». 

From the triangle BOM 

sing _ sin BOM _ BM ^ 
^^^siaOBM'^OM"^' 

Thus sin a = m sin (q> — a) = m (sin <o cos a — cos o> sin a), 

or sin a (1 + w cos o>) = cos a • m sin a», 

m sin CD 

or tana = 7-; — . 

1 + 9i» cos o> 

Therefore (since if tan ^ = ? , sin tf = . ^ , , and 

COB^ — -p===) 

«H sin 0) 1 + m cos a> 



sma = 



. , cos a = . 

j^I + 2m cos Q> + m* >/l + 2??> cosco + m* 
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j^l-f 2m 008(0 + m'' ^y 1 + 2fli cob « + 1»* 

31. Let ^+J^ + C7s0 be the equation to any straight line 
in rectangular co-ordinates, and let r, be the polar co-ordinates 
of any point ay in the line. 

Then JBarcos^y ysrsini?, and ^+ J^+ C7sO. 

Therefore ilrcos5+-Brsintf + (7=0 (X). 

This is a relation connecting the r and of any point in the 
line, and is therefore the polar equation to the line. 

We may also obtain geometrically a form of the equation. 




Let P be any point (r, 0) in the line and let OQ be^'the 
perpendicular on the line from the origin. Let OQ^py and 
let /. QOX^OL. Then from the triangle OPQ we see that 

2> = r cos (^ — a) (2). 

This is also an equation to the line, and is of the form (1), 

being 

cos a.rcos^ + sina.rsin^— 1> = 0. 

The polar equation to a straight line drawn through the 
pole is of the form = constant. This is geometrically mani- 
fest 
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Examples on Chapter II. 

1. Of what degree in x and y is the equation 

2. Find the intercepts made on the axes by the lines 

2a5-3y = 5, Ax-^By+ (7=0 (a>). 

3. Determine the inclinations to Ox of the lines 

a + y = 0, px + qy = rj V3y + a5+2 = 0. 

4 Find the direction-cosines of the lines 

aj+y = 5, 2aj + y=3, aj + 2y + 6=«0, 

aj + V3y = 2, V3aj-y + 6 = 0, 
fa+gy-^O, fc-gy^O, Ax^-By^- G^O. 

5. If [7, m] he the direction of a line, and <o the inclination 
of the axes, 

? + w* + 2 &» cos » =5 1 • 

6. If a, /8 be the direction-angles of any line, 

cos*a + cos"/8— 2 sin a sin j8 cos » = sin*©. 

7« Determine the inclinations of the lines 

y = aj, aj + ycostt) = 0, -4a? + j%+ (7 = 0, 
to the axis of a; (o)), 

8. Find the direction-ratios of the line ^ = 2a? + 3, the axes 
being inclined at 45^. 

Also find those of Ax + ^ + G^ 0, for any inclination of 
the axes. 

9. Transform a? — y = 3 to polar co-ordinates and 

rcos(^ + ^) + 6 = 
to rectangular. 



», 
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32. (1) The following Lemma from Algebra is easily 
proved and should be remembered : 

If aa? + Jy + ca5 = 0, and a'aj + J'y + c'««0, then 

X _ y g 

(2) Another algebraic theorem which is usefdl in Greometrj 
is this: 



If T* = T* = 7* = &c,, then each fraction 
\ ^ \ 



"Xftj + /iJ, + v6,+ ... "" ^ Xfti* + /iJ,*+ ... 

in short, = 9 v^i> ^i> ^s--- « ^ ^ being ony homogeneous funo- 
tion of the first degree. 

Any given case of this theorem can be proved by supposing 

80 that 5jA;, 5^ .., may be substituted for a^, a,.... 

33. 2b /nrf the co-ordinaiea of the point of intersection of 
two given lines 

^4a.+ j^+0f = 0... (1), ^'a? + 5'y+C'«0...(2). 



/'-i 'V, vtna>-*jie Z' ji ->n ie line i • 






^ 



^n$fm Hi^. liMH Jx^By^C, Ax-^By-^C meet in the 



^JiB^AB' AB^ABj' 

Oinm ih$ t^pUitif/M U> tteo ttraighi limtB, tie 
f/f iludr p&hU of inkT$^jCtum art fcfund hg eambmimg ike gvtem, 

Vi%, T}ie lini^ x^h^y^Tc meet in the point (^ V). Thus 
wtinri we ^Y'.fiAi of the point x^A^y^k^we giye two lines which 
)fy iht/ir UtU^rncAtium detensine the point 

M, VmvXuVn definition of parallel straight lines may he 
nlinri^d to thiw; Parallel straight lines are such as are in the 
Nftftm plnns and do not meet unless infinitely produced. 

Tliim tlin linoM Aao + JJy+Gf Ax + B'y+C are parallel 
ir tlinit* point of iTitcrMCCtion be infinitely distant ; that is, if 

Air^A'li^O, or 37-|. 

Mk, Tho lluoM 2op + iy^O and 2x + Sy^5 are parallel, 

A , J? 

Ho tht* Uuoii »»i» + Sy-.l, 4ap + 6y + 6-0 are parallel, and 
|t^^U\^\H^\l^v, two Itntvn avt^ )>iurallol when the x and y t^ms in 
llu^iv \H|muU\ii i^w ro^o/(v U\t> sainck Thus ^x+J^+ C«0 
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Thus the line Ax-^ O^O is painllel to the line x^Oy Ihat 
iSy to the axis of y« 

Again, the lines y = wioj + c, y = wa? + c' are parallel, as may 
also be proved Irom the equality of their direction-angles. 

35. To find the condition that the lines Ax+ By + C ... (1), 
A'x + B'y + C'...(2), A"x + B"y+C"... (3), fnay meet in a 
point. 

Since (1) is to pass through the intersection of (2) and (8), 
the co-ordinates of the intersection of (2) and (3) may satisfy (1). 
That is (Art. 33), 

A {ff C"- B' 0')'\-B{ CA" - A' A') + {A'B' - A"B) = 0. 

This is the required condition, and is the result of eliminating 
X and y from the equations to the three lines. 

Ex. The lines y = mXy y = 0, a = meet in a point So 
do the lines 

-4a? + % + C, jl'aj + 5'y+(7, jlaj + ^ + (7-X(il'aj + jB'y + (7), 

but this example deserres a separate examination. 

36. Let-4aj + 5y + (7=0...(l), ^'a5 + 5y+(7 = 0...(2)be 
equations to two given lines. Then 

ilaj + j%+a=X(^'a? + 5'y+0') ..(3) 

is of the first degree and therefore represents some straight 
line. 

Also the point of intersection of (1) and (2) lies on this line^ 
for since the Ax + j% + (7 and the A'x-\- By + G' of that point 
are both zero, the co-ordinates of that point, substituted for x and 
y in (3), give = 0. 

Thus (3) represents some straight line passing through the 
point of intersection of (1) and (2). Call that point P: then by 
giving different values to X, we get different straight lines 
through P. 

But can we by giving a value to X make (3) represent any 



X x^ 
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Straight line tkrongh P? Yes : for let PQ be any such line and 
let it be required to determine X so that (3). shall represent the 
line PQ. Let a;, , y^ be the co-ordinates of Q. 

Since <? is to lie on (3) we most have 

Thns the value to be given to X is ,, \ pf * . ^, , and the 

equation to PQ is ^.^^B'y^-C^ ^ A'xWRy,+ G' ' ^^^"^ '' 
vtBtbly satisfied by the values x^^ , y^ of x^ y. 

Ex. y^mx is the equation to a line through the inter- 
section of y ss Oy xssOy and by giving a proper value to m can 
be made to represent any straight line through the origin. 

The equation to the line joining x^^y^io the origin is ^ = ^ 
or — = -^ . 

37. It has been proved that the equation 

Ax-fBy + C = X(A'x + B'y + C) 

can by giving the right value to \ be made the equation to any 
straight line parsing through the intersection of Ax. + By + C and 
A'x + B'y + C. Conversely, the equation to any line through that 
point of intersection must be of the form 

Ax + By + C = X(A'x + B'y + C). 

38, To find the equation to the line through two given points 
Xj, y^ and x„ y,. 

The first point is the intersection of the lines x^^x^, y = y^'y 
thus the required equation must be of the form 

^ = a constant (1). 

* 

Now a?,, y, lies on the line; therefore a:,, y, satisfy (1) ; that is, 

X ^ X 

-s i= the constant. 
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rj Thus the re<Itured equation is 

* = -? -*or ^ — ^ — ^ (2). 

s-Vt y.-yi ^«-«i 9t-yt ^' 

Another form is of conrse — ^^^— * = 3L!Iiy« (3^ 

Another is 

«(yi-y«)+y(«.-ajj+a;,y,-a:,y, = (4), 

which asserts that the area of the triangle whose vertices are 

Up to this point of Chapter ill. the axes may have been 
inclined at any angle. We shall now suppose them rectangular 
until further notice. 

39. The equation -4a; + J5y+ (7=0 (1) can be reduced to 
the form ojcosa+ysina— ^ = (2). 

For (1) and (2) are identical if — j-=s— ^=-^,inwhich 



case 



by Lemma (2) each ratio =y^§±$^ = -=i=. 



Thus cosa = -7«=====, sina=s-7====, ando^-7====:. 

The rule for reducing any equation of the form (1) to the 
form (2) is therefore this: Divide by the square root of the sum 
of the squares of the coefficients of x and y.. . 

. 2a; 1 . 

Thus 2a;— y + 5 = Dccomes — ^ — 7= + V5 = 0. 

v5 V5 

Also the length of the perpendicular from the origin on the 

G 
line is the numerical value of -7====- , and the direction-cosines 

of this perpendicular are -^=^ , -=^ . 



T. 0. 
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40. To find the angle heiween two Une$ whom diredtions are 

p, m], Q', ml. 

If a, a be the angles whose cosines are 2^ T, a ** a' is the angle 
required, and cos (a^a')3scosacosa' + sinasina ^^f + fftm'* 

The angle between the directions (2yin), {I, ml) is the angle 

. . W + mni 

its cosine is 



V(P + w*)(r + m'")* 



41* 2b ^rk? ^Ae angle "between the lines Ax + Bj + C, 
A'x + B'y + C. 

The parallels through the origin, which are inclined at the 
same angle as the given lines, are Ax + JSy, A'x + By or 

£ — y ^ _ y 

and these are in directions 

The cosine of the angle between them is therefore by (9) 

AA^-BB 

J{A^^ff){A'-\-B^^ 

42. To find the condition that the lines Ax + By + O^ 
A'x + B'y + C may he at right angles. 

The cosyie of the angle between the lines is the cosine of 
90^ and therefore vanishes. Thus the condition is 

AA + BB^O. 

The directions (?, m), (f , m!) are at right angles if 

IV + mm = 0. (Art, 40.) 
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43. ' Two lines whicH are not at right angles make an acute 
and an obtuse angle, of which the cosines are nnmericallj- equals 
but in sign opposite, Thus if we wish for the cosine of the 
cbtuge angle in Art. 41, we must give to the radical the opposite 
sign to that of AA' + BB. 

44, From Art 41, or from a figure, (see Euclid, i. 32), we 
can prove that the angle between y = mx + c, and y = ndx + c' is 

tan ^ 



1 + ni7n 



The condition of perpendicularity is 1 + mm' = 0, for in this 
case the tangent of the angle is infinite, 

45. If A'x-\-By + O' be perpendicular to Ax + By^ (7, 

A! B 
then -^ = —J • Thus Ax + By + C = can be put in the 

form Bx^Ay = 9, constant, and this is the general form of 
equation to a straight line perpendicular to a given straight line 
Ax + J5y + C The x and y terms are deduced from those of 
the given equation bj this rule: Interchange or invert the 
coefficients ofx and y, and alter the sign of one qfthem* 

Ex. To find the equation to a line through the point x' y 

X 1/ 

perpendicular to the line - + ^ = 1, 

The equation must be of the form oo? — Jy = some constant, 
and uihai constant is determined by the point a?'y'. For as x y* 
lies on the line we are drawing, ax* — h/ =, or is^ that constant ; 
thus the equation required is oa? — Jy = oo?' — hy\ 

In like manner the equation to a line through x y* parallel to 
Ax + By^- (7 is Ax-\-By— Ax + By\ and this result holds for 
any inclination of the axes. 

46. To find the length of the perpendicular from the point 
x'y' on the line 

Ax + By + C=0 (1). 

3—2 
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The equation to a line througli x^jf parallel to the given line 
is Ax'{'By-(Ax' + By')^0 (2), 

and the perpendicular required is equal to the distance between 
the lines (1) and (2). 

Now the distances of (1) and (2) from the origin are, without 
regard to sign, equal to 

If the lines (1) and (2) lie on the same side of the origin, 
then C7and — {Ax' -{' By') have the same sign (Art. 24). Also 
in this case we require the dtjffbrence of the distances from the 
origin. 

If the lines (1) and (2) lie qn opposite sides of the origin, 
then C and — {Ax* + By) have different signs. Also in this case 
we require the sum of the distances (3). 

Thus the distance required is in either case (without regard 

^ . . Ax'-^By'-^G ^ , , ,• « 

to sign) / "^ = — , or, to speak more symbolically, the 

distance is ± — , f^ _^ • 

Ex. The distance of (0, 1) from a?— y = 1 is the numerical 
value of — T-r- , or is ^2. 

47. To find the angle between the lines 

y = mx + c, y = m'x + c', 
the axes being inclined at an angle a>. 

By Art. 30, if a, a' be the inclinations of the lines to Ox, 

4.«„ ^ m sin Gi f m' sin tt) 

tana=— , tana = 



1 + w cos o) ' 1 + w' cos © ' 

and, by Euclid, i. 32, the angle between the lines is a -- a'. 
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^ , tx tan oc -* tan a' 

But tan (a -' a ) =a T-r-i- — i t* 

^ ^ 1 + tan a tan a 

Thus the tangent of the angle between the lines is 

(m '-' m') sin a> 



1 + (m + m) cos a> + mm ' 



and the condition of perpendicularity b 

I + {m + m) cos 0) + mm' 
1 4- m cos CO 



= 0, 



or 



m =3 — 



cos 0) + m' 



# • 



48. The aocea being inclined at an angle <o, to find the distance 
of the point :siy from &e line y =inx + c. 




fJH,Jl ^ I 



% 



Let F be the point and PZ the perpendicular on the given 
line AB. Draw PQM parallel to Fmeeting AB, QX in Q, M. 

Then OM=;c\ and QM^mx' -^-c, and PJf?=y', therefore 

PQ=^y'-'mx-c. 

And PZ=PQ sinP(2Z= (y' - »kc' -o) sin QBY, 
Now by Art. 30, 

sin QBY=^ 



sm6> 



Vl + 2w» cos fi) + m' ' 
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therefore PZ^ (y - mx - c) sin .. , 

VI +2wcostt) + wi 

Of coarse the same method could have been used with rect- 
angular axes. 

49. To find the polar eqwUdon to the line joining {r^O^ and. 

Let ^rcos^ + JBrsIn^+ (7=0 (1) 

be the equation required, the ratios of -4, B, C being as yet 
undetermined. Since the points (r^ 0^, (r, 6^ lie on the line^ 

Ar^cos e^-h Br^Bine + C^ ....,..........(2); , 

-4r,cos^ + 5rgSin^+ 0=0 (3). 

By Lemma (1) "v^re can find from (2) and (3) the ratios of 
Aj Bf G. Substitute these in (1). The result of this eliminating 
process is 

rr,sin(5-^0+r,r,sin(5,-^^+r,rsin(^,-^ = O (4). 

Let P be any point (r, ff) on the line, and P^, P, the given 
points. 

Then equation (4) asserts that of the triangles OPP^, OP^P^ 
OP^Pj one is equal to the sum of the other two. And from this 
fact the equation could have been derived. 



Transformation of Co-ordinates. 

r 

50. It is often convenient to change the origin from the 
position first fixed upon to some other point in the plane of 
operations, without altering the direction of the axes. 

If i, h be the co-ordinates of the new origin 0\ referred to 
the old axes OX, OF, and a?y be any point referred to OX, OY, 
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a?'y the same point referred to the new axes OX\ OT*, then, 




as the reader will easilj prove by a figure, 

^=^a;' + A» y = y + ife. 

Ex. What will be the equation to the line 2aj — 3y = 3 when 
the origin is transferred to (1, —2)? Here x^a! + 1, y = y' — 2. 
Therefore 2a? — 3y = 2a?' — 8^ and the new equation is 2aj'— 8y'=3, 
or, accents suppressed, 2a? — 8y = 3. 

To transform any equation by moving the origin to (A, 4), 
write a?+ A for a? and y + A? for y. 

51. To change the axes from one rectangular system to another 
having the same origin. 




Iiet a?, y be co-ordinates of any point P referred to the old 
axes OX, Y; a?', y' the co-ordinates of P referred to the new 
axes OX, OF ; and let the angle XOT be 0. Then OM is 
the projection of the broken line OM'F on OX, and therefore 

= Oilf' cos^-PilTsin^, 
that is, a = a?'coB^ — y'sin^ (1). 



40 
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Similarlj, by projecting OM*P on OF, we get 

ysa;' Bind +y 008 (2). 

The angle was measured towards OF. Thus if OX! had 
bisected the angle between OY produced backwards and OX, 

would be — -r- 

4 

52. Other cases of transformation in Cartesian co-ordinates 
might be proposed, and some will be found in the examples. 

We can, as hinted in Art. 29, transform an equation firom 
Cartesian to Polar co-ordinates by writing Ir for x and mr for y, 

1 and m being the direction-ratios of r. 

Thus the equation xy^cf becomes -^ «= Zm • 

53. We shall conclude this chapter with the solution, of 
four problems. 

(1) The lines drawn from the anghsof a l^iyh perpendim* 
lar to the opposite sides meet in a pointy 




C X 

Let ABG be the triangle, and let AL^ BM, ON be the three 
perpendiculars. Take L for origin, and LCy LA for axes of 
X and y. 

Let LG^f, LB^g, LA:=h. 

Then the equation to AC is 7»+f = 1> and the equation to 
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BMi i.e. to a line through (- g^ 0) perpendicular to AB^ \a 

-!i=f<^») •(')• 

The equation to -4 J5, since the intercepts of AB are - 5^, X, is 

" The equation to CN, that is, to a line through i(/, 0) perpen- 
dicular to AB is 

. l^H-- ••: <''• 

The point where BM^ ON meet is found by combining (1) 
and (2). 

It is the point oj = 0, y = '^ . 

And this point lies on the line x^Oy that is, on AL. Thus 
ALy BMf GN meet in a point. 

Call this point the Orthocentre of the triangle -4J?(7, or of the 
points Ay B, G; and let it be D. Then of the four points Ay Bj 
C, D, any one is the orthocentre of the other three. 

(2) ABC is a triangle right-angled at C. CD is at right 
angles to AB, CE bisects the angle ACB, and CF bisects AB in F. 
A line from B at right angles to CF meets CD in a, and By8 is at 
right angles to CE and meets CE in y8. Prove that the points 
a, fi, F lie in a straight line. 

Take GAy CB for axes of x and y, and let GA = a, GB= b. 
Then tlie equations to GD, GEy GF are 

ax^by (1), x^y (2), ?=| (3), 

c 

the first being obtained from the equation to AB (Art. 45). 

Also the equation to Ba is oi» + 5y = J' (4), and the equa- 
tion to B^ is a? +y = J (5). 

The co-ordinates of a, found by combining (1) amd (4), are 
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Thos6 of fif fonnd by combmmg (2) and (5), are 



Therefore the equation to a/9, since a and /9 have the same y 
b 

This equation is satisfied by the co-ordinates of F. That is, 
F lies on the line afi. 

(3) A point moves so that the differeme of the squares of its 
distances from two given points is constant Find the locus of the 
point. 




Take the line joining the two given points A, B for the axis of 
Xj and the middle point of AB for origin. Let OA = a, and let 
xy be the moving point P. Then 

P^»=(a?-a)' + /, and P5' = (aj + a)»+y». 

If then PB* — P4* = a constant quantity /b*, 

4aa? = A? and a; = — -« 

4a 

This is the equation to P^s locus, and thus P moves in a 

yfe" . 

straight line perpendicular to AB and distant — from the mid- 

die point of -4 jS. 
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We have confined ourselves to the case in which PB > PA. 
Strictlj speaking, the locus is two straight lines which coincide 
when h is zero. 

(4) O 18 a fixed point and OAB is any line through O meet- 
ing in A, B two given lines Aa, ByS. 

In OAB a point P is taken such that 



OP OA^OB" 
What is the locus ofY? 




Take for pole and draw an initial line OX. Let the equa- 
tions to Aa^ Bfi he 

- = ocos^ + Jsin^, - = a'cos^ + &'sin^, 
r r 

(these are perfectly general forms). 

If the angle XOP be 0, then —^ = a cos ^ + J sin 0, and 

1 



OB 



= a cos + b' ain0; 



^^ -^ = -^4-^ = («+<^')cos5+(6 + J')sin^. 

Thatis,atP, - = (a + a')cos^+ (J + i') sin^. 
Thus the locufe of P is a straight line. 
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Examples on Chapter III. 

Aets. 32—38. 

1. f^ind the point of intersection of the lines 

3a + 5y = 4, y = 7a;+l («). 

2. The lines 

2aj-3y + 5, aj-y + 4, 5a;-6^ + 20y 
meet in a point (a>). 

3. Prove that the equation y — A: = «» (aj— A) can by giving 
a proper value to m be made the equation to any straight line 
through (A, k) (o>}. 

4. Find the equations to the straight lines through the point 
(1, — 2), whose acute angles of inclination to Ox are each 45^ 

5. Find the equation to a line through the point (A, h) 
parallel to the liney=s mo; (to). 

6. Find the equation to the line Which joins the origin to 
the intersection of the lines 

?+^=l, ^+2^=1 („). 

abba \ j 

7. Find the equations to the lines which pass through the 
following pairs of points: 

(1) (a, J), ( - a, - 5), (2) (2, - 1), ( - 3, 0), 
(3) (4,7), (4,1), (4) (0,a), (0,-a)...(a)). 

Arts. 39 — 50. 

8. Find the distances of the lines 

ic + y + 6 = 0, aj+y-6=0 
from the origin, and find the distance between the lines. 

9. Find the angle between the lines 

y = 2a;, y=3a:+4, 

and the distances of these lines from the point (3, 6). 
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10. Applj Art, 33 to find the condition of parallelism of 
the lines -4aj + 5y + C7, A'x + B'y+ C\ 

11. Find the equations to two lines through the point (0, — 1), 
one parallel and the other perpendicular to the line 2a; — 3y + 5. 

12. Find the equation to a line through the origin per- 
pendicular to the line joining the points (a, J), (c, d). Find 
also the length of this perpendicular. 

13. Applj Arts. 9 and 46 to find the area of a triangle 
whose vertices are given. 

14. The axes being inclined at 120", find the angle between 
the lines a? + 2y = 0, a: — y = 0, and the equation to a line through 
the point (1, — 1) perpendicular to the line y + 3a? = 2. 

15. The distance of the point x'y from the line Ax*-\-By + G 

{Ax+By + G)Anfii> 
^ V^*- 2^2? cos 01 + ^' 

16. The condition that the lines 

Ax-\-By+C, Ax + By^ (7, 

maj be equally inclined to the axis of x in opposite directions is 

B B' ^ , , 

-2+-77=2cosci> [pal). 

17. Find the equations to the bisectors of the angles between 
the axes, and shew that these bisectors are at right angles... (o)). 

18. Deduce the result of Art. 49 from that of Art. 38. 

Arts. 50—52. 

19. Transform the equation a?" + y* = 2ca?, by changing the 
origin to the point (c, 0) («)• 

20. Transform aj* -y* = a* by turning the axes through 45\ 

21. Transform r* = c? cos 20 to rectangular co-ordinates. 



^ 
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22* If the origin be transferred to the point A, %, and the 
axes be then turned through an angle Q^ the formul» of 
transfprmi^tlpn will be 

^ aj = a?' cos 5 — y sin ^ + A, y = a?' sin ^ + y' cos ^ + K 

23. The degree of an equation cannot be altered by any 
'transformation in rectangular co-ordinates. Could it be altered 
by any iaransformation in oblique co-ordinates ? 

24. Transform the equation y" = Jr, so that the axis of x 
inay remain unchanged while that of y is brought nearer to it by 
30 degrees. 

25. Obtain formulae for transforming from a system of 

rectangular co-ordinates to a system which has the lines 

y = ajtana, y = a;tany3 
for axes. 

• ■ ^^ ^^ 

26. Find the area of the triangle formed by the three lines 

y = 0, 'y'\'X^ay y = mx + c. 

27. Why is the condition in Ex. 16 free from and C7'? 

A A 
What is -D + dt = 2 cos o) the condition for ? 

28. Find the equation to a line perpendicular to the axis of 
X thrpugh the point (A, 1£) (©), 

29. In the figure to Euclid, i. 47, the lines FG, KB, AL 
meet in a point. 

30. Prove by taking two sides for axes that the lines drawn 
from the angles of a triangle to the middle points o^ the opposite 
£ides meet in a point. 

31. A point moves so that the sum of the squares of its 
distances from two points x^y^, x^^ is equal to the sum of the 
squares of its distances from two other points xj/^, xjy^. Prove 
that the locus of the point is the straight Une 

2a; (ic, + a?,- aj.-a?,) + 2y (y, + y,-y3 -yj 
= aj,' + aj,»-aj3'-a;/+y,» + y,«-y3«-y/. 
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32. A point moves so that the sum of the squares of its 
distances from n given points = the sum of the squares of its 
distances from n other given points. Find the locus of the point. 

33. A line OP meets n fixed lines in A^^ A^..,A^f and is 

drawn from a fixed point 0. If 770= ttj" "^ TTa"^ "* 7)jr ' *^® 
locus of P is a straight line. 

34. If the equation to a straight line involve some unknown 
constant in the first degree, and all the other constants he known, 
the line passes through a known point ,...(09). 

35. Through the intersection of y — 2a?=l, aj + 5y = 6j 
draw a line perpendicular to 2y + 40?= 7, 

36. Upon the sides of a triangle as diagonals piarallelograms 
Are described, having their sides parallel to two given lines. 
Prove that the other diagonals of the parallelograms meet in a 
point (o)). 

37. Find the equations to the straight lines through the 
point (1, 3) which are inclined at 30° to the line a?+yV3 = 2. 

38. If AL, BMy CN be the perpendiculars from -4, 5, (7, 
on BGy GA, AB and MN, NL, LM meet BC, CA, AB respec- 
tively in F^ G, Hy then F^ (?, ^ lie in a straight lin^. 

39. A straight line moves so that the sum of the reciprocal 
of its intercepts is constant. Prove that it passes through a 
fixed point. 
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54, Wb now return to the subject of Ari 21. 

The equation a*— ^=0, or (a? — y) (a?+y)=0 (1), is satis- 
fied by. the co-ordinates of any point whose a? — y vanishes, and 
by the co-ordinates of any point whose a? + y vanishes : and if 
neither the « — y nor the oj + y of a given point vanishes, the 
co-ordinates of that point do not satisfy the equation (1). 

That is to say, the equation (1) is satisfied by the co-ordi- 
nates of any point which lies in one of the straight lines a; — y, 
x+yy and by no other point. 

Equation (1) represents therefore two straight lines, namely 
the lines a? — y^ x+y. 

In like manner the equation (a? — 2y + 1) (2x + 3y + 2) = 0, 
represents two straight lines, namely, the lines oj— 2y+l, 
2x + 3y + 2. 

The equation (a? — y + a) (a? — y) = represents two parallel 
straight lines of which one approaches nearer and nearer to the 
other as a is made more and more nearly equal to zero. 

If a be zero, these lines are coincident. Thus (a;— y)' = 
represents two coincident straight lines. 

The equation {x — 2y) {2x — y + 3) (a? — 2y + c) = repre- 
sents three straight lines, namely, x — 2y, 2a? — y+3, and 
a? — 2y + c, of which two are parallel. The equation 

(aj-2y)'(2a;-y + 3) = 

represents three straight lines, of which two are coincident. 

The equation y^ — 5xy + Jy* = represents two straight lines, 
y = 2a;, y = 3a?, passing through the origin. 
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Thjg eqifatioii Aof + B^ + <y = ^re^lifs \M^ straight 

lines passing through the origin :• for if a, ^ 1)6 the h)Oti^ 6f the 

equation 

Cfe" + 5« + -4 = 0, 

then (35" + & + ^ = (7(2-a)(2-/S) identically: 

therefore u4aj^ + JScy + Cy = a^{(7^) +5(^)+^} 

= C(y-aa;)(y-^aj). 

Thus the two straight lines are y = oo;, y^fiA. The lines 
coincide if a = )8, i. e, if JB' — 4^C = 0. 

And, generally, an j homogeneous equation represents a series 
of straight lines through the origin. For 

^^•' + ^y^'a; + -4y^ai'+...+^^,ya^"' + Aa;- = 0...(l) 

is the general type of such equations, n being a positive integer. 
Now if ttj, a, ... a. be the roots of 

-4,«- + A«*"'+--+^«-,« + A = ..(2), 

then the first side of (2) 

= j4, (2 — Oj) (2 — Oji) ... (z — a,) identically. 

ThT& the firrfC side of (1)' 

=Mi--)«-) «-^) 

= A^ (y - Ojic) (y - a^) (y - a,a;). 

Th6refor6 the locius of (I) consists of n straight lines passing 
through the origin. ' 

Ex. y* - ^y + 2a? = represents three straight lines 

y+2a?, y-aj, tf-x, 
of which two are coincident. 

T. G. 4: 
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The equation 8a^ — 2to + 21 = represents two straiglit lines 
parallel to the axis of y : 

2x = Sf 4aj = 7. 
ltf{x) denote A^ + A^af'^+ ... +ul„ so that 

then f{x) 7s represents n straight lines parallel to the aads 
of y. 

Similarly /(y) = represents n straight lines parallel to the 
aids of a;. 

The equation 

{A^x + B,y+C,) {A^ + B^+ Q...{A^ + B^y + C.)^0 (3) 

represents n straight lines, viz. those corresponding to the several 
factors. 

a perfect square, then two of the n straight lines coincide. If a 
perfect r^ power occur in the product of the n linear factors, there 
correspond r coincident lines in the locus. 

If C^j C^... C^ all vanish, equation (3) is homogeneous, and 
all the lines pass through the origin. 

1£ A^, ^, ...^M all vanish, the lines are all parallel to the 
axis of y. If B^^ -^s ••• B^ all vanish, the lines are all parallel 
to the axis of o?^ 

All these remarks apply equally to oblique and rectangular 
co-ordinates. The polar equation to a series of lines through 
the origin is the same as the Cartesian, but has I and m for x 
and y. (Art. 52.) 

55. To find the angle between the straight lines 

Ax» + Bxy + Cy* = 0, 
the axes being rectangular. 
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Let m^jm^he the values of in the equation 

a^ + Bs + A^p, 

so that »*i + «^ = ~ 7i > «»|«^ =* ji • 

Then the tangent of the angle 

1 + Wjm, ^ + C 

The straight lines coincide if B^^LAC^ ^ which case 
Aaf + JBry + C^ is a perfect square), and thej are at right 
angles if ul + = 0, i. e. if the coefficients of a^ and ^ be equal 
and of opposite signs. Thus the lines 2a? — ^xy — 2^ «= are 
at right angles. 

56. We return to oblique 00K>rdinates. We know that 
the equation 4a; — 5y + 6 == (1) represents a straight line, which 
we may call ' the line Ax^by — 6.' This line may with equal 
propriety be called *the line — 4a; + 5y + 6.' Every straight 
line, in fact, has two names. The lines Ax + ^ + C7 is also the 
line ^ Ax—By-- O: the line x is also the line — »• Can any 
use be made of this duality? 

The iar— 5y -^ 6 of any point which is not on the line (1), 
does not vanish : thus the 4a; — 5y — 6 of the origin is — 6 : the 
4a; — 5y -. 6 of a point on the axis of a? at a very great distance is 
positive. This point is on the opposite side of the line from the 
origin. The 4a;— 5y — 6 of any point on the same side of the 
line as the origin is negative, and the 4a; - 5y— 6 of any point 
on the other side of the line is positive. 

In like manner the Ax + By+ Cs of any two points lying 
on opposite sides of the line Ax + ^^ + are of opposite signs. 
For, in the first place, the Ax + By + C of b, point cannot change 
its sign without passing through the value zero, that is, the 
Ax + By^ (7 of a point is the same so long as the point remains 
on one side of the line. It only remains to prove that the signs 
on opposite sides of the line are not the same. To the reader of 

4-2 



52 THE STBAiaHT LUTE. 

the Differential Oalculus tfaifl will be evident, bince Ax -^B^ + O 
cannot, being linear, have a maximnm or minimnm valne. Bat 
we may also satisfy ourselves by taking severally the special 
cases which arise by giving various signs to -4, B, C. For 
instance, let -4, -B, (7 be all positive. Then the line crosses the 
axes in the third quadrant, and the Ax + By + C o{ the origin is 
positive, while that of the point (— oo , 0), a point dn the opposite 
side of the line, is negative. Or again, suppose A positive, B 
negative, and C zero. Then the line passes through the origin 
and lies in the first and third compartments. We cannot now 
use the origin for a testing pointy but we may take twd such 
points as (1, 0), {— 1, 0), which lie on opposite sides of the lind. 
The Ax + By of the one is A^ and that of the other — * At Simi- 
larly other cases may be treated. Thus every straight line ha» 
two sides, a positive and a negative. Which shall be positive w© 
determine by the manner in which we name the line. The 
origin is on the positive side of the line it-'2y + 1, but cto the 
negative side of the line — a? + 2y -^ 1. 

This throws light on the occurrence of the radical in the ex- 
pression for the length of the perpendicular from the point xy ori 
the line Ax + By + C: and we see that when we have once fixed 
on the name Ax + jBy + C of a line, then the Ax + By + C of 
any point varies as the distance of the point from the line, for the 
o&ly variable part af the expression aforcsftid is Ax + By+ G. 
Thus the X of any point varies as^ thei distance' of thfe point 
from a certain line, being aetually that distance in the ease of 
fectangttlar do-otdinates. The x cos a -f y sim ct — '^ of any point 
is the distance of that point from the line 

cc cos a + y sin a — ^. 

57. A point is equidistant from the lines 

xeosa + ysina-^p, aicoB^ +ysin^-^gf, 

if its iccosa + ysina — p and a;cos /8+y sin/8 — j be numeri- 
calty equal: that is to say, tte equations 

a; cos a -f y sin a — j? = xcosfi + ysmfi — q (1) 

oj cos a +^ sin a -^ = - {x cos/8 4- y sin /9 -^ j)'. . ... .(2) 
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repretaent the l)isector8 of the angles between the straight lines 

ficcosa+ysina— /> .(3) 

ojcosiS + ysin^ — J (4), 




The lines (3), (4) have each a positive B,n,i a oiegatiye side. 
Thus thej divide the plane of operations into four compartments, 
of which one is entirely on the positive side of both lines, and 
another, namely the vertically opposite,, entirely on the negative 
side of both lines. In these two compartments lies the bi- 
sector (1). In the other two lies the bisector (2). 

Ex. To find the equations to the bisectors of the angles 
between the lines 

2» + y«l, y-f3a? = 2. 

Expressed in the form 

X cos a +y sin a —p == 0, 
the given equations are 



V5 Vs. V5 ' Vio Vio Vio 

Thus the required equations are 

(2 V2 +3) a? Hr (V2+ 1) y- (V2 + 2>« 0, 
and (2V2-3)a: + (Vi-l)y + 2-V2 = 0. 

$8.. To fini, ihe eq%ati(m tQ thfi^ himtor^ of the angle between 

the lines 

Aa? + Bxif+ (7y' = 0. 

Let the given lines be y^m^Xy y = rn^y so that m^, wi, are 
the roots of (7«" + J& + -4 =0; 
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The bisectors of tlie angles 1)etweeii y ^m^x, j/^mjc are 

Vl + j»j" Vl+w/ ^1 + m* Vl + m/* 
These lines are expressed by the single equation 






or ^ (j»,+ j»J +2a?y (1 -m^wj -a? (wi, + «ij = 0, 
or ^ + 2ajy, — ts ar=aO. 

We see by Art 55 that these straight lines are at right 
angles. 

59. Given thai the equation 

Aof-vBayy^- (7y*+2>aj + -E^ + l^=0 (1) 

refptesents two straight lines ^ to find the angle between them. 

Let hh be the point of intersection of the two lines. Transfer 
the origin to hJc^ by writing x + h^ y-¥h for x^y. The new 
equation is 

for, as both the lines pass through the new origin, the terms of 
one dimension and the constant term disappear. 

The angle between the lines is therefore tan"* — T~rn — • 

Thus the angle between the lines represented by equation (1) 
is the same as the angle between the lines 

Mf + Bxy+Cy'^0 (2), 

i.e. the same as the angle between the lines represented by the 
terms of highest dimensions in the equation (1). And in fact 
the lines (1) are parallel to the lines (2). 

60. In discussing the equation 

Aof '\' Bay + Cf ^% 
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we have supposed the first side to he the product of two reed 
linear fiictors. If, however, jS* be less than 4^C7 the fiustors will 
be imaginary, and the locos consists of two imaginary straight 
lines, viz* 



y+ ^ ^.a> = Oandy+ ^^ \x^0. 

These imaginaiy straight lines intersect in a real point, viz. the 
origin: for their equations are each satisfied by making 

a? = 0, y = 0. 

Ex. fl^+y'ss represents the two imaginaiy straight lines 
aj+yV^ = 0, aj-yV^«0, 
which intersect in a real point, viz. the origin. 

ar 

61. In what cases does the expression 

aa? + hxjf + c!^ + dx + ey+f (1) 

break up into two factors? For instance, how are we to know 
whether 

2aj'- ISajy + 6y* - 3aj - 2y + 6 

does or does not so break up? The expression (1) includes all 
those varieties of the rational and integral function of variables 
which are of the second degree, but it is convenient to replace it 
by an equally general form 

oa? + iy* + c + 2a'y + 25'aj + 2c'ajy. (2) 

Now if (2) be of the form 

{Ax+By + C) {A'x + Bif'^ C), 

then by equating (2) to zero, and solving the equation for y, 

1,* * is J *-- X- 1 X Ax+0 A'x+(T 
we ought to find two rational roots, ^ — , n? — > 

rational, that is to say, as fiur as a; is concerned, for ul, B^ 
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may bQ Qnrds Qr ey^n imagjniuy. Now tb^t tbe CK^wtion 

may give two such rational values for y, it is necessi^iy and 
sufficient that 

(a' + c'xy-h {aa?'\'C + 2Vx) 
be a perfect square: that is, that 

(0*0'. - bb')* - (c'« - ab) (o" - he) maj = 0- 

Thus if 

(aV - iby = (c" - o4) {a- - Jc), 

or, which is. the same thing, if 

oic + 2a'i'c' - aa^ - W - cc** = (3), 

then 

aa'+iy*+c + 2fls'y-t?yaj + ^'ajy. {2\ 

breaks up into two linear fiEustors. 

We have supposed h not zero. If J = 0, then, if a be not 
zero^ solution with regard to x leads to the same result If 
both a and b = 0, thein we may reason thus : The expression (2) 
Decomes 

y {2c X + 2a*) + {2b[x + c), 

and thi?. 9»n^9t be X\^ product of tWQ feeai^ fcctoTft iin\e%?.s 
2c X + 2a' \)e w e?act multiple of 2j'a?.+ c. Tfc.is requ«eip tb^t. 

T? shall = — ^ , or 2a'i'= cc\ which is indeed what (3) tells us, since 
c' is. not zero. Hence (3) is universally applicable. 

It is also the condition under which 

oof -{-bj^ + cs? '-2dyz — 2V zx - 2c'xy (4) 

breaks up into two factors of the form 

Ax + By^' Gz, Ax-^-Ey + Cz^ 

and the expression on the left-hand side of (3) is called the 
Dispnminant of the expression (4)« 



Ex. What value most we give to X in ordec that 
may break up into two fietetors ? 

d 1 

Heie a = X, & = 1, c = l, a'^-^' 6'?5-lt ^'=^2' 
thus (3) becomes 

• • 2 4 • 4 • '^ 5 



Examples on Chapter IV. 

1. What are the loci of the following equations ? 

(1) ic»-a« = 0, (2) (a;-a)»+(y-&)« = o; 

(3) (aj-a)(y-5)=0, (4) y' + 4a2^ + 3aj' = 0, 
(5) y* + 4ay + 4y» = 0, (6) iB»-a» = 0. (eo) 

2. Find the condition that one of the lines 

aa? + 2hxy + cy*-= 0, 
may coincide with one of the lines 

a'af + ib'opyi + cy = 0... •...((») 

3. The line^, 4^ + ^yiT. a?y =? a? inclu^^ an i^le ojf 60*w 

4. Prove that the points (1, 2), (3,-4), lie on opposite sides 
of the line 3a; — 2^ = 1, and on the same side of the line do? =y. 

5. Two li^e^ are ^awn in directions [^ w^,] [7, wi*],. frpve- 
that the bisectors of the angles between them are in direction? 

(Z+ r, m + m'), (Z- Z', m - m'). 

6. Find the bisectors of the angles between -4a? -^-By + Cf 
and -4'a5 + 5'y + C7. 
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7. GKven that aa?+5^ + c + 2a'y + 2ya>+2c'ajy=0, repre- 
sents two straight lines, prove that at their point of intersection 
aa? + cy + y=Oandcaj+iy + a'«0* (See Art. 50.) 

8. FroYe that the equation in Ex. 7 represents two straight 
lines if the equations 

and Vx + a'y + cz^Oj 

can exist together for other values of a?, y, e than 0, 0, 0* 

9. Does ic^ — 4ajy + 4^ + 6a? — 12y + 9 = 0, represent two 
straight lines? (co) 

10. What value must he given to /in order that 

may represent two straight lines ? (co) 

11. What values must be given to /and g in order that 

«^+J^ + ^ay + a+^y =» 1, 
may represent two straight lines intersecting in the axis of a; ? {oa) 

12. Find the area of the parallelogram whose sides are 

Ax + Btf'\' C, Ax + By+(f^ ax + bf/-\-Cj ax + by + c\ 
and the equations to the diagonals* 

13. Interpret the equation sin 30 = 0. 

14 Find the equation to a line passing through a given 
point and dividing the line joining two other points in a given 
ratio. 

The angular points of a triangle are x^y^j x^y^j x^y^. Prove 
that the bisector of the angle at x^ y^ is represented b j 

x — x^ 
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15. Find the ratio in which the line joining xjg^^ xjf^ is cut 
by the line Ax+By -f 0. («») 

16. A line is drawn from the point a! y' in direction [Z, m], 
to meet the line Ax'\'Btf+ C. Prove that its length is 

Ax'\'By'\'G , . 

— AjXkr^ w 

17. A line is drawn in a given direction and is terminated 
hj two ^ven lines. Find the locos of a point which divides it 
in a given ratio. («») 

18. Prove by a figure that the distance of x'tf fix>m the line 
a;oosa+ycos^=sj>, is a;cosa+y cos^— j>, 

or p— flDCOsa— ycos^y 

according as x*y' is or is not on the originnside of the line. 

19. PABj PCD are triangles on given bases AB^ CDj and 
the som of theb areas is constant. Find the locos of P. Is this 
locos infinite? 

20. One vertex of a rigid triangle is fixed, and another 
moves along a given straight line. Find the locos of the 
third. 



CHAPTER V. 
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62. Let the symbol L denote the expression Ax + -% + (7. 
Then X » is the equation to a straight line, aiid we maj call 
this, line *the line L\ If M denote A'x -{-By^- G\ 2f = is, the 
equation to 'the straight line M\ and L^iM^ hj giving the 
right value to \, can be made to represent any straight line 
passing through ihe point where the lines L and M intersect 
(Art. 37). Thus if we wish for the equation to the straight line, 
joining that point to the point (A, k) : — ^let L^^ Jf^, be the special 
values of Li,M obtained by substituting A, ft for as, y : then the 

equation required is -y = 17 • 

The L of any point is propo^opal to the distance, of that 
point from the line L, b.^ing in faef ^qual to the lengtl^ of that 
distance 

JA"" -2AB cos (0-^ If ,^, « , ^. 

X ^ -. — (Chap. m. Ex. 15). 

sm« \ sr / 

So long as the X of a point remains the same, the point is on 
the same straight line parallel to the line L. The equation to 
any straight line parallel to the line L is expressible in the 
form L = constant. If the i's of two points have the same sign 
the points lie on the same side of the line i, and if their i's 
have different signs the points lie on opposite sides of the line L, 
The lines L = c, L^^ — c are parallel to the line 2/, on opposite 
sides of it, and equidistant from it. 

The lines Ly Jf divide the plane of operations into 4 compart- 
ments. The lines L — XM lies in two of these and the line 
L + XJf in the other two. For let P be a point in the line 



ABBIDQED NOTATION OF THE BTRAlGfiT LIN£. 61 

Ii-^\My and Q a point in the line L-hXMy and let JP, Q be Od 
the same side of the line M: theh the if' of P and Q haVd the 
same signs, and therefore, as appears from the equations L = XM^ 
L^ — XJtf", the i's of P and Q have opposite signs : that is, P 
and Q are on opposite sides of the line L. If \ be positive,' the 
line L — XJf lies in the + + compartment and in the Com- 
partment; and the line Zr + XJf lies in the +— compartment 
and the -^ + compartment : lor at any point in 




the first line the L and M have the same sign, since their ratio 
is the positive quantity \ : and at any point in the oth^ line the 
L and if have opposite signs, since their ratio is the negative 
quantity — \. 

63. If i, if, jST be three given lines not meeting in a point, 
then the equation IL + wiif + nN^ (1) can, by giving values 
to 7, 9it, n which shall bel in a proper proportion, be made to 
tepresent iriy straight line whatever. For let the proposed 
straight line be that which joms the points a?^j, xjf^ Let 2/^, 
i^, N^ be the values which i, M^ N take when a?,, y^ are 
substituted for a;, y ; in other words, let L^, M^, N^ be the 
i, if, N of x^y^ : and let L^ M^, N^ be the L, if, N of x^y^^ 
Then, for determining the ratios of I, m, n we have the equations 
LJ+M^m + Njn = 0,LJ+Mjrn + N^n=0: whence 

Thus the equation sought for is 

If the straight lines 2/, if, N meet in a point, N is of the 
form \L + fiM (\, /x being constants) and equation (2) becomes 
an identity. The form IL + wiif + nN^ can in this case only 
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reprciMMl Hues passing throngh the .point of intersection of the 
Lf Mf Ny being equivalent to 



64. As an example, of the method of abridged notaJtion we 
shall now solve the following probIei&»- 

On the sides BGy GA^ AB of a triangle ABCTpMRi of points 
are taken, B^^ (7^; 0„ A^\ A^^ B^, such that the points of inte^ 
section of BG with 5,0,, of GA with G^A„ and of AB with 
AJB^ lie in a straight line. BG^j GB^ intersect in P, GA^ in Qj 
and AB^, BA^ in JB. Prove that AP^ BQ^ CB meet in a point 

A. 




B L C 

Let i = 0, Jf = 0, -ST = be the equations to BG, GA, AB, 
and let M=\N, M=^\'N, N^fiL,N=fi'L, L = vM, L^v'U 
denote AB^, AG^, BG^, BA^, GA^ GB^ respectively. 

Then B^G^^ joins the intersection of N, L — yN to the 
intersection of M, N^iiL. Suppose its equation, then, to be 
hN-\- L - i/'if = or h'M+ N-- iiL = 0. (Art. 37.) 

From the identity of the two forms we get 
Thus ilie eqiiation to B,G, is 

or L = v'M+-. 
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Similarlj the equations to C\A^j -^tA ^^ 

Now let lL-\- mM+nN be the line on which lie the inter- 
sections of B^G^y ^i^s* ^t^i ^^^^ ^^^ corresponding sides of the 
triangle. Then IL + mM+ nN = is satisfied by those values 

N 
of X and y which make L^O and L = pM-\ — . i.e. which nudce 

N 
L=sO and M^ ; therefore 

m — nfiv' = 0, 

similarlj n — Ivlsl =s 0, 

and l^mkfii^Oj 

and therefore \^Xy!v =s 1. 

Again; at P we htfe N^iaL^ L = v Jf : therefore P lies on 
the line ^ss/Lu/'JI^ Therefore, as this line passes through Aj 
it is the line AP, Similarlj L ~ vXlN^ Jf = Xfi'L are the lines 
BQy OR. Jbid as XfivK'fi'i/ = 1, these three equations can 
coexist, dkat is, AL, BM^ GN meet in a point 

85. Let the abbreviated form be^— a? cos a— y sin (©—a) =0, 
jrlteing positive ; and let a stand for p—x cos a— y cos (on-a). Then 
all points with a positive a are on the same side of the line as 
the origin. Let/3, in like manner, denote j— a? cos ^—y cos (aH-/S), 
q being positive. Then the a and /3 of anj point are its distances 
firom the lines a, /3. The lines a — /3, a + /3 are the bisectors of 
the angles between the lines a, /8. The lines a — #c^, a + #c^ 
divide the angle between a and ^ intemaUy and extemallj so 
that the sines of the segments are as 1 to A;. 
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Thns if AB^ ^(7 be ihe lines d, j8, atid AP^AQ the lines 

a z> xi_ sinP45 sin 0^5 

a — #cp, a + #cp, then ■ .. d^/^ = -^: — rmn' 

If BPCQ be anj fran^er^aZ, or straight line drawn across 
the pencil of lines .4^^ AP; AG, AQ', then, as the reader can 
prove^ EG is ditided harmonically at P and Qi or, id other 
words, BPGQ is a^ harmonic range. The pencil of lines eman- 
ating from A is called a harmonic pencil. 

In general^ if AB^ APj AG, AQ be any four fixed straight 
lines which are met by a variable straight line in jB, P, (7, Q^ 

BP BO 
the anharmonic ratio of the range BPGQ is -pp'^ "po O^^^S 

the ratio of the ratios in which BG is divided in the points P 
and Q)^ and this ratio is constant, being equal to 

sin BAP mjiBAQ 
mi CAP ' mnGAQ' 

66. It is usual to reserve Greek letters for that form of 
equation which expresses a straight line in terms of the distance 
from the origin, and the angular position of that distance. 

67. The Knes L--hM, L-^-h^t form with tie lines i, M 
a harmonic pencil; for, if d, /8 be altered forms of E ^iid M; 

i = aV-4* + M and M^psfA^+B^j so that the equations 

J A^^A-B^ 
E^kM=i(iy ii+Arif=0 become a-A;;^-^j^-^./9 = 0,atid 

& + -^ y ^^l 2 ^ . Jf =0, which atre of the form flf-A78 = 0; 

a+A;)8 = 0. It is not necessarily true that the lines L — M, 
Zr + J/ are the bisectors of the angles between L and M. They, 
however, form with L and M a harmonic pencil. 

The line L — kM makes with L and M angles equal to 
those which the line kL — M makes with My 2/, and the lines 
L — kM, L — A;M"lie in the same compartments. 

Ex. The line y = 3a? makes with Ox an angle equal to 
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that which 3y = a; makes with Oy, the axes being rectangular 
or oblique. 

68. Let ABGhQ a triangle, and let a, £, c be the lengths of 
the sides BG, GA, AB. Also let a=0, /S = 0, 7=0 be the 
equations to these sides, the origin of coordinates being within 
the triangle. Then the a, /8, and 7 of any point P within the 
triangle are all positive. If PL, PM^ FN be drawn perpen- 
dicular to the sides, 

PZ; = a, PJf=/9, PiV^ = 7. 



A 




Hence the areas of the triangles BPG^ GPA, APB are Joa, 
^J/S, \crf^ and if A denote the area of the triangle ABG^ 

aa+h/3 + cy = 2A (1). 

This is an invariable algebraic relation connecting the a, /S, 7 
of a point in the plane of the lines a, /8, 7. A point outside the 
triangle has two of the quantities a, /8, 7 negative if it lie in one 
of the angles vertically opposite to the angles of the triangle: 
otherwise it has two of the quantities a, /8, 7 positive. 

69. We might have defined a, /8, 7 as the distances of a 
point from the three sides BGy GA^ AB of a triangle of reference 
ABG^ regard being paid to algebraic sign, and thus we might es- 
tablish a system of Trilinear Coordinates on a basis independent 
of the Cartesian system. We shall, however, not abandon the 
right of passing from one system to the other, but assume, in order 
to establish results in Trilinear Coordinates, any results we please 
in Cartesians. We may call the point whose distances from the 
sides of the triangle of reference are 0/87 *the point afiy.^ Thus 

A is the point — , 0, 0. 

T. G. 5 
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70. The equation to anj straight line can be put in the 
form 

Za + w^ + wy = (see Art. 63). 

Li fact the equation to any locus can be expressed in terms 
of a, /8, 7. For, as 

p — a? cos a — y cos (co — a) =* a, 
and J — a? cos /8 — y cos (o) — )8) = /8, 

(the reader will not be misled by the double use of a and )8), we 
can express x and y in terms of a and /9. Thus an equation 
fipcy) = can be converted into ^ (ayS) = 0, and this can be made 

homogeneous by introducing -^ — -^ , which = 1. 

Ex. Let a^ = m' be an equation in Cartesians, and let it be 
required to get the corresponding equation in Trilinears. 

We have a; cos a + y cos (« -^ a) ^p — a, 

aj cos /8 +y cos (o) — ^) = J — /9, 
whence 

^^ (y-a)cos(..-^)-(g-^cos(a>- «)^^ 

COS a cos (ft) — p) — cos (<» — a) cos p -^ 

(^-a)co8^-(g-^co8« s!a + rp^8'^j. 

^ COS a cos (o) — /8) — cos (cd — a) cos )8 *' 

Thus the non-homogeneous equation is 
and the homogeneous equation is 

Of course matters would be simplified in this case by sup^ 
posing two of the sides of the Triangle of Reference to be 



ABBII>aieD NOTATIOIf OF THE STRAiQWi LISfE. 



07 



coordinate axed. Suppose, tot instance^ thett O kf origin, and (Li, 
CB axes of x and y : then a= ^G and a; sin (7= a, ^ sin C= /9. 




Thus the non-homogeneous equation corresponding to a^ 
. , >y ^ ^■, and the homogeneous equation is 

sin C^ 



m'ifl 



'^=C^^*(««+*'^+^^* 



71, 2%e three perpendiculcMTs Jrom A^ B^ C on BO^ GA^ AB 
meet in a point. 

Let AL be the perpendicular from A on -8(7. Then its 




Q 

equation is of the form — = ^. But at L 

P ^LGAn (7 5 cos (7 sin Ccos G 
y " LB sin -B "" c cos jB sin jB ^ cos jB ' 

therefore the equation to AL is /Scos 0^7 cos C. The equations to 
the other perpendiculars are 7 cos C?= a cos A, a cos -4 = ^ cos J?, 
and these lines meet in the point a cos -4 = /8 cos 5= 7 cos G. 

We may observe that any point may be denoted by equations 



such as 



I m n' 



5—2 
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If the actual values of a, /3, 7 be required, we have 

s 

I "" «i n al + hn + cn al + bm + cn' 

72. It may be shewn bj a proof like that used in Art 28 
that anj straight line can be expressed by a system of equations 
of the form 

a-^^i-^^y-^^^ (1). 

Here a\ ff, y are trilinear coordinates of some fixed point in the 
line ; r is the distance, capable of sign, of the point a/87 &om 
the point a'/SV ; ai^d I, w, n are numerically proportional to the 
sines of the angles which the line makes with BG, CA, AB. 
As a — a', /8 — )8', 7 — */ cannot all have the same sign (see a 
figure), two only of the quantities 2, m, n have the same sign. 
Draw through A, j5, G three parallels to the line. One of these 
crosses the triangle, and to it corresponds the single sign, which 
is + or — according as we choose the positive direction of r. 

Of course the line 



a — a" __ /8 — ^' __ 7 — 7" 



is parallel to the line (1). 

Thus the parallel through G is 



a 
I 




Suppose we wish to reduce — 2)8 + 37 = (2) to the form 
(I). We may take for a')8'7' the point 



a 



2 '^ V a + 26 + c/ • 



A parallel through G must have an equation of the form 
a —2)8 + 37 = constant ; let the homogeneous form be 

a-2/8 + 37 = ic(aa + J/8 + C7) (3), 
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Since the coefficient of I yanishes, k^-. Thus (3) becomes 

Comparing this with -5= - we see that 

I m 



3b + 2c c-'da' 
In like manner 



I 



n 



3i + 2c -2a- ft* 

Thus the reduced form of (2) is 

2A ^ 4A 2A 



a — 



a + 2b + c '^ a-2J + c '^ a-2J + 



36+ 2c c-3a -2a-ft * 

73. The lines Za + m/S + wy, fa + w/S+n'7 intersect in the 
point 

a )8 _ 7 2A 

mn — w n nl' — w7 Zw' — I'm a (twn' — wi'n) + &c ' 

The general equation to a line parallel to la + m/S + nfy is, 
when made homogeneous, la + mfi + ny + K (aa + J/8 + 07) = 0. 

The equation to the line joining the points OL'ffy^ a"P*y* is 

a 03'7 ' - PW) + P (7 a" - 7 V) + 7 (a /8" - ot'^) = 0. 



This straight line may abo be expressed by 

g-a' _ ^-/y _ Y-7' „,!,„ q-g" _ /9-/3" _ 7-7" 

"77 7 

7 -7 



1/ ^/ — ^/ o* — u ty or Dy ,f , Q., Qf -77 -7 
a —a p —p 7 —7 a —a p —p 



The lines Za + «i/8 + n7(l), ta + mfi + ny(2) are parallel if 
(2) can be put in the form \ {la + m/S + ny) + /tt (aa + J/8 + 07). 
Eliminating \ and fi from the equations thus obtained, viz., 
XZ + /Lta — r = &c., we obtain the condition of parallelism. 
But another investigation will be given hereafter. 
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74, To find the angle between the lines 

m n^ tn n 

Make 0^, Cj? axes of x and ^ ; then the equations become 
(Art. 70) 

m n^ m! n" 

Thus the angle is (Art. 40) 

(wn' *- m'n) sin G 



tan' 



mm' + nw' + (mw' + m'n) cos (7* 

The condition of perpendicularity is 

mm' + ww' + (wn + m'n) cos (7«= 0. 

Thus th^ equation to the second line 14, in the case of perpendi- 
cularity, 

13 . 7 



n-i-m cos G m-hn cos G 



= 0. 



great. Theu the equation tends to the form — 1 ■= 0, and the 



75. In the equation-+| -1 = 0(1), let h become very 

X 

a 

line represented tends to become a parallel to Ox through the 
point {a, 0). If however we make both a and b very great, the 
line moves off to a very great distance, and the equation (1) tpnds 
to the form — 1 = or 1 = 0. It is convenient to imagine a line 
at infinity; pr rather the line at infinity, correspoi^dipg to the 
equation 

constant = 0, 

The direction of this line is wholly undetermined. It is 
only to be looked on as a line in which two other lines {parallel 
lines) may intersect. It intersects any line in one point only. 
Thus it meets the axis of x in the point a? = + 00, y = 0, or, which 
is the same thing, the point a; = — 00, y = 0. 

Jts trilinear equation, made homogeneous, is 

^•(aa + &i8 + <J7)=;sO, or simply aa + J^ + C7=??0. 
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76. There are two considerations whicli maj help the 
reader to receive what seems the paradox in Art. 75. The first 
is this: the equation ax = aa: + c in Algebra is formally the 
same as c = 0, but gives for x the value oo . It maj be looked 
upon as the limiting form of the equation 

ax^<xrx + o when r= 1» 

The other is this : the asymptote of a hyperbola is a tangent. 
At which end is it a tangent? At both. Then the ends are 
the same, or we have a straight line meeting a conic section in 
more than two points. 

77. We can now find the condition of parallelism of two 
lines fa + mfi + ny, ?a + m'fi + ny by a simple method. For if 
these lines be parallel their intersection lies on the line 

Thus the equations 

can coexist, for which the necessary and suflScient condition is 
a {mnf — m'n) +h{nt —iil)+c (W — rm) = 0. 

78. Let A, jB, <7, D be any four points m a plane. We can 
draw three pairs of straight lines such that each pair shall 
include all the four points. Let these pairs be drawn, viz. AB^ 
CD intersecting in L ; AD, BG intersecting in M\ and AC, BD 
intersecting in N. The quadrilateral ABGD is now complete, 
and Ly Mf Nbiq its three vertices. 

L 
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Also LMy LM form with LD^ LA a harmonic pencil. To 
prove this it is sufficient to prove that if LN meet AM in Jf, 
then AMDMiB a harmonic range. Now from the geometry of 
the triangle ALD we have 

AM DG LB_ .AM^ JDG LB 
DM" LC 'AB"^' ^"^DM ' LG ' AB ' 

therefore 

AM _ AM 
DM'' DM' 

or AM DM is a harmonic range* 

Similarly ML^ MB, MN^ MD form a harmonic pencil, as also 
NB, NL, NG, NM. 



Examples on Chapter V. 

The equations to the sides BG, GAy AB of the triangle 
of reference are supposed to be a = 0, ^ = 0, 7 = 0, and the 
lengths of the sides a, i, o. 

1. Prove that the equation to the line joining A to the 
middle point o{ BG iah/3 = cy. 

2. Prove that the lines drawn from A, -B, G to the middle 
points of BG, GA, AB, respectively, meet in a point; and find 
the coordinates of this point. 

3. Find the equation to a line drawn through the point fgh 
parallel to the line la-\-m^ + ny. Ex. Let^A be the point A. 

4. Find the equation to the line joining the middle points 
of AB and A G and the equation to the parallel through A. 
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5. The equation to the line bisecting BC at right angles is 

)8cosjB— YCosCss-sin {C-^B). 

6. Find the condition that the lines 

fa + m/S + W7, Ta + w'/S + n 7, F'a + w")8 + n'7 
maj meet in a point. 

7. Prove that the lines bisecting BO^ CA^ AB at right 
angles meet in a point 

8. Find the condition that the points o^iy^ o^ift^ ^sVs 
maj lie in a straight line. 

9. Find the angle between the lines la+mfi-^nrf and 
ta + m'^ + n'y. Deduce the condition of parallelism and the 
condition of perpendicularity. 

10. Prove that the three bisectors of the angles of a triangle 
meet in a point, and find the equations to the line joining the 
feet of the bisectors. 

11. Find the coordinates of a point which divides in a given 
ratio the line joining two other points. 

12. Find the distance of the point ^A firom the line 

la + mfi+ny, 

13. Indicate bj a figure the points 

a = 2)8 = -37, a = -2/3 = 37, 

and prove that if the sides of the triangle of reference be 3/^ 4/J 6/J 
these points lie on the same side of the line a + /8 = 7. Also 
reduce the equation to the line to the form 

a-a' _ fi-ff _ y-y 
c fn n 
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14. In vliat ratio does &e Une faasm/S divide the line AB^i 

15. K 5(7, GA, AB be respectively parallel to B'C\ C'A\ 
A:B\ then AA, BB\ CO* meet in a point. 

16. The equations to three lines BCj CAj AB are 

and the equation to a line meeting them in L, M, N is 

hi -F mv +nw = 0. 
Find the equations to AL, BM^ CN^ and prove that 

BL CM AN 
CL' AM' BN 

17« Let (see Example 16) be the point where jSifmeet^ 
ON, Then find the equations to AO^ LO^ and prove that there 
is in the figure a harmonic pencil at each of the points Ay 0^ L, 

m 

18. Through A, S, lines are drawn to the point 
la=mfi = ivyf meeting the opposite sides in X, Jlf, JSf. Prove 
that 

BL.CM.AN 



GL.AM.BN 



1. 



19. Prove that if fa + 7?i^ + w7 = cross the triangle of 
reference, then Z, m, n cannot all have the same sign. Supposing 
this line to meet AlB^ AG, not produced, in N, if, find the 
lengths of AM, AN. Find also the distance of MN from A. 

20. Prove that the middle points of the lines A G, BD, LM 
in the figure of Art. 78' lie in a straight line ; as also those of 
AD, BC, NL ; and those of AB, GD, MN. 

21. K w = 0, v=*0, 111 = 0, Zw + wv + ««? = represent AB, 
BG, GD, DA in the'figure of Art 78, what straight lines will be 
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represented hj 

foi— «i» + 2wt£?=0, mv + nto=Oj 
nw + lu = Oy lu + fnv = 0? 

22. If there be two triangles ABG, AB'C\ such that AA, 
Bff^ CC meet in a point, then the intersections of corresponding 
sides will lie in a straight line, and converselj. 

23. Ifi,Jf,iV'l)e taken in JB(7, ai,^J? so that ^i,5ilf, 
CNm&^t in a point ; and if i', M\ JT be the req^ective inter- 
gectioDB of EG, MN; CA, NL; AB, LM\ then L\ if, N will 
lie in a stcaight line. 



CHAPTER VI. 



THE CIBCLE. 



79, Wb shall look upon the circle as a curve, calling that 
a circle which Enclid calls the circumference of a circle. 

Let (a, h) be the centre (7 of a circle referred to axes OX, Y 
inclined at an angle a>, and let (a;, y) be anj point F on the 
circle. Also let the radius s c 




Draw CAT, PM parallel to Fand CB parallel to OX. Then 
(7i?+ 0^-202. BFcos CRP= GP", 
or, (aJ-a)* + (y-5)" + 2 {x-a) (y - J) cos o) = c" (1). 

This is the relation existing between the x and y of any 
point on the curve, and is therefore the equation to the curve. 
(Art 21.) Equation (1) may also be written 

a* + y* + 2xy cos © — 2 (a + J cos w) a? — 2 (a + i cos a>) y 

+ a" + J"+2a6coso)-c^ = (2): 
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Thus the equation to a circle can always be reduced to the 
form 

a?+y* + 2a?ycos« + -4aj + %+C7=0 (3), 

A, Bf C being constants. 

80. With rectangular axes the equation is 

(aj-a)»+(y-i)« = c» (1); 

or, a:^ + y*-2aa?-2Jy + a' + 6'-c'=0 (2). 

Thus the equation to a circle can always be reduced to the 
form 

a?+f + Ax+By+ (7=0 (3). 

If the origin be on the circumference, then (1) is satisfied by 
0? = 0, y = 0. 

Hence a" + ^ — c^ = 0, and (1) becomes 

ai" + y*=a2(aa; + iy)aj (4). 

If, besides, the axis of a; be a tangent, a=0, and the 
equation is 

a^ + y*=2jy (5). 

Similarly a? + t^=^2ax (6) 

represents a circle passing through the origin and touching the 
axis of y. 

If the origin be centre the equation is 
aj" + y* = c*.-(7), (with oblique axes a?" + y* + 2a?y cos w = c*). 

81. With rectangular axes every equation of the form 
a^ + ^ + Ax'\-By+ 0=0.. .(1) represents a circle. 

For (1) may be written 

hih{^*ff-^-° » 
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Now x^ + y^ = c*, and x^ + y,* = c", because the two points 
are on the curve, so that the coordinates of each of them satisfy 
the equation to the curve. Therefore 

Therefore yLZ^i^. J±^« (2). 

Thus (1) becomes 

3?Jli?.+^^Z^=0 (3). 

a^ + '^i Vi+y* 

Let a?^, move up to x^^. Then ultimately x^^x^^ and 
Vt = Vv 

Thus (3) becomes 

or yVi + ^X^^^x+Vxy 

or fiK»i+yyi=c* (4). 

This is the equation to the tangent at x^y^. 
The equation to a perpendicular line must be of the form 

— — ^ = a constant (Art. 45). 

The normal is that perpendicular which passes throtigh aj^yi; 
and therefore its equation is 

^1 Vi aj, y/ 
or - = - (5). 

^1 Vx 

Of course equation (5) could have been inferred at once from 
what Euclid has taught us about the circle, and (4) could have 
been deduced from (5) just as we have deduced (5) from (4). 
But we have preferred to illustrate our definition of a tangent. 
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85. From any ^eternal point there can he drawn two tangents 
to a circle. 

Let the centre of the circle be made the origin, and let c be 
the radius. The equation is 

Let hk be the external point, and x'y a point on the circle 
such that the tangent there drawn passes through hh, . 

The equation to the tangent is 

OCX -^ryy' = i*, 

and since this is satisfied bj A, h, 

x'h + y'Jc=^c^ (1); 

also, since x'y is on the circle, 

aj'« + y'«==cP (2). 

From (1) and (2) we can find x' and y'. The equation for x' 

is 

x\h' + Z;«) - 2c^hx' + c« (c«- k) = 0, 

of which both roots are real, as the reader will find after a short 
algebraical process, since A* + A? > c*. 

To each value of x' corresponds a value of y', determined 
from (1). Thus there are two points of contact such that the 
tangents there drawn pass through the given external point. 

86. The line joining the two points is called the chord of 
contact. 

Suppose we want the equation to the chord of contact cor- 
responding to the point (A, k). Let x^y^y xjf^ be the two points 
of contact. Then xJi-\-yJc = (? (1), and xji+yjc^c* (2), be- 
cause the tangents at x^y^ and x^y^ pass through hk. Therefore 
ajj^j and x^y^ each lie on the straight line xh+yk== <? (3) . (Equa- 
tions (1) and (2) only assert this fact in algebraic language.) 
Therefore (3) is the equation to the chord of contact. 

T. G. 6 . 
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87. When AiE; is on the circle, the equation xh-k-yk^f? 
represents the tangent at hh. The chord of contact belonging to 
hk has, in fact, become this tangent. But when hh has passed 
within the circle the tangents are no longer real; nevertheless the 
line xh + yk^f? \a real, that is, the chord of contact is real and 
can be drawn. In Art, 60, we saw that imaginary lines may 
contain real points. It is also true that real lines may contain 
imaginary points. Thus the line 2a; = 3y contains the point 

(3>/ — 1, 2 J — 1), and, in short, an infinite number of ima- 
ginary points. When hk is within the circle the chord of con- 
tact passes through two imaginary points of contact, the points 
where the chord meets the circle. 

88. But we can assign another meaning to the equation 
aA + yft = c^ which will not involve mystery. 

Through A, k draw any real chord and draw tangents at its 
extremities. Let these tangents meet in x^y^, then the equation 
to the chord, by Art. 86, is xx^ +yyi = c'. But this line passes 
through Tik, and therefore xji + yjc = <?. This last equation states 
that x^y^ lies on the straight line xh-\-yk^ c'. Hence, if through 
any fixed point hk chords be drawn to a circle (oif + y^ = c') and 
tangents be drawn at the extremities of the chord, the locus of 
their intersection is a straight line {xh +yk^ c*). 

89. Conversely, if from any point {x'y') in a straight line 
{Ax'^By+ (7=0) tangents be drawn to a circle (a^ + y'^c"), 
the chord of contact will pass through a fixed point 

For the chord of contact for x'y' is xx' + ^ = c*, and since 
Ax* + By + 0=0, this may be written 

a form which proves that the chord of contact passes through the 
intersection of the fixed lines 

Thus the co-ordinates of the fixed point are 

» — ^« y='—G- 



X 
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90. Any equation Ax + By+ O«0 can be written in Hie 
form xh+yk^(fy 

A<? B4? 

the h and k being — ^r > — jr • Thus to every point hJc there 

corresponds a lineajA-f yA; = c', and to every line Ax'\-By+ C 
there corresponds a point ^ , ^r • 

The line is the locos of the intersection of tangents at the 
ends of any chord through the point, and, when the point is 
outside the circle, the line is also a real chord of contact cor- 
responding to the point* 

The point is called the Pole of the line, and the line the 
Polar of the point We do not here define the terms Pole and 
Polar J but introduce them for convenience. 

91. Let the point A, A; be in the axis of x ; then Jfe = 0, and 
the equation to the polar is xA = c*. Thus the intercept on the 

axis of y is -7 . We now have a convenient gecHnetrical con- 
struction for drawing the polar of a given point 





Let be the centre of the circle, P the given point Join 
OP, and in OP, produced if necessary, take Q such that OP.OQ 

6—2 
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s (racliiiB)^ Through Q draw a lin^ QB at right angles to X)P. 
QB IB the polar of P. 

In like manner, if we wish to find the pole of a line QB, we 
draw OQ at right angles to QB^ and in OQy produced if necessary, 
take P so that OQ.OP^ (radius)"; then Pis the pole of QB. 

I£ P8 be perpendicular to OP, P8 is the polar of Q. We 
thus see that if one pqint P lie on the polar of Q, then Q lies on 
the polar of P. 

92. This also appears from the equationja. T'or let a?+y*=c' 
be the circle, hk the point P, and A'fc' the point Q. The polars 
of P andQ area?A+yA = c^, xh!+yh'^<?. If P be on the polar 
of Qy hh! +kk' = c\ which equation states that Q lies on the 
polar of P. 

Polar CkhordiucUes. 

93. To find the polar equation to the circle. 

P 




Let a, a be the polar co-ordinates of the centre (7, r, those 
of anj point P on the curve, c the radius ; then 

CP-^ 0(7+ 0P'-20G. OPcosPOOy 

i.e. c* = a' + r*— 2ar cos (^-a) (l). 

This is the polar equation to the circle. 

If OX j>ass through 0, a = 0, and the equation is 

c* = a' + r*-2arco8^ .(2). 
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QX^ ^ X 

If be on the circumference, then a ss c, and (1) becomes 

r = 2ccos(^-^«) (3), 

which is geometrically deducible from the right-angled triangle 
POQ. 

K be on the circumference and OX a diameter, then a = 0, 
and (3) becomes 

r5=s2ccos^...., (4). 

K be on the circle and OX a tanigenty «=» -5 , and (3) 

becomes 

r=:2osin^ (5). 

If be the centre, a = 0, and (1) becomes 

1^^^ oxr^c (6). 

Equations (4), (5), (6) can of course be obtained independ- 
ently, by geometry. 

The polar equation to the circle can always be put in the 
form 

r^ + ^rcos^ + 5rsin^+ (7=0. 

94. As an example of Polar Co-ordinates applied to the 
circle, let us take Euclid, IIL 35, 36. 

Corresponding to any value of Q in equation (1) of the last 
article there are two values of r, whose product is €?--(?, a 
constant. 

K be without the circle the product of the two values of r 
is positive. If be within the circle the product is negajtive, 
since cf < c*, and in this case the values of r have opposite signs. 
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Examples on Chapteb YI. 

1. Find the centre and radios of the circle 

2. Find the equation to the circle described oa the line 
joining xjj^ and x^^ as diameter. 

3. Prove that the equation 

a?" + y* + 2a?y cos » + Ax + -By + C^= 0, 
if the axes he inclined at an angle a>, represents a circle. 

4. What must be the inclination of the axes in order that 

a?+y* — 2ary cos a -f -4a5 4" -By + C^=0 
may represent a circle? 

5. What in order that 

3?^+ y* + ay = ilaj + ^ 
may represent a circle? Determine the centre and radius. 

6. Find the intercepts which the circle in (3) makes on the 
co-ordinate axes, and shew that if the circle touches the axis 
of a?, ^'=4(7. 

7. If from, or through, any point chords AB^ CD be drawn 
to a circle, the rectangle OA . OB = the rectangle 0(7; OD...{(t)), 

8. Find the relation between Ay B, and Gin order that the 
circleln (3) may touch both axes ; and prove that two tangents 
drawn to a circle from any external point are of equal length. 

9. The equation to the tangent to the curve 

(aJ-a)'+(y-J)* = c' 
at thejpoint xy is 

ix-a){x'-a) + {!,-h)Q,'-h)^c\ 
Find also the equation to the normal. 
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10. Prove that Euclid^ iii. 32, is a particular case of an 
earlier and more general proposition in the same Book. 

11. If a, a' be yectorial angles of two points on the circle 
a^ + y" = c", the equation to the chord joining the points is 

a?cos— ^r — hy sin — - — =ccos -— -. 

12. Hence find the equation to the tangent at the point a. 

13. Applj Art. 46 to find the condition that the line 

Ax + By+C 
may touch the circle 

14. Does the line 2a; + 3y = touch the circle 

a? + y" = 2aj + 3y? 

15. Prove that two tangents can be drawn to a circle in 
a given direction, and that the tangents to 35" + y" = c* in direction 
y=^mx are 

16. The angle in a semicircle is a right angle. 

17. From an external point tangents are drawn to the 
circle a? + ^^ 2ax. Find the equation to the chord of contact 

18. Find the equation to the tangent to the circle 

a^ + y* + ^^ cos © = c^ 
at the point x'tf\ 

19. A point moves so that the sum of the squares of its 
distances from the sides of a square ia constant. Find the locus 
of this point. Shew that the position of the locus does not 
depend on the magnitude of the constant sum. 

20. A and B are given points, and AP : BP is a constant 
ratio. Prove that the locus of P is a circle. 
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Also, given that the locos of Pis a circle, find geometrically 
the circle's position and magnitude. 

21. A point moves so that the sum of the squares of its 
distances from anj number of given points is constant. Prove 
that the locus of this point is a circle. 

22. Find the centre of this circle in the case of two given 
points. Prove that, if there be^Mr given points A, -B, C, 2>, the 
centre is at the middle point of the line joining the middle points 
of the diagonals of the quadrilateral ABGD, 

23. Find the polar of the point (1, — 2) with respect to the 
circle a?" +y* = 9, and the pole of the straight line a? + y = 1 with 
respect to the same circle. 

24. Apply Art. 91 to shew that the polar of the point x'j/ 
with respect to the circle (a? — a)* + (y ^ i)' = c* is 

25. Find the polar equation to the tangent to the circle 
r = a at the point a. 

26. Through a fixed point chords are drawn to a circle. 
Prove that the locus of their middle points is a circle, and find 
the position and magnitude of this circle. 

r 

• 27. Through a fixed point is drawn a chord OPQ to a 
circle, and in,PQ is taken jB, so that OP, OB, OQ are in Har- 
monic Progression. Shew that the locus of JS is a straight 
line. 

28. Also, assuming that the locus of B is a straight line, 
prove that if be without the circle the locus is the chord of 
contact corresponding to 0. 

29. In the radius vector OP of a circle P' is taken so that 
OP' : OP is a constant ratio. Find the locus of P', and prove 
by Art. 83 that the tangents to the given circle from are also 
tangents to this locus. 
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30. K P* be BO taken that the rectangle OP . OP' is constant, 
what will be the locus of P'? Examine the case in which 
lies on the given circle. 

31. In OP the radius vector of a straight line is taken P' 
so that OP. OP' is constant Find the locus of P'. 

32. Shew that the equation to a circle referred to two 
tangents of length c, and inclined at an angle cd, is 

(aj" + y-c)' = 4a?ysin"^, (See Ex. 8.) 



33. Apply Ex. 32 to prove that if TA, TB be two tangents 
to a circle, and P any point on the circle, the perpendicular from 
P on AB is a geometric mean between the perpendiculars from 
Pon 2!4, TB. 



CHAPTER Vn. 



THE CIBCLE (continued). 



95. Let ff denote a?+y"+ Ax + By+ C; then 5= is the 
equation to a circle whose centre is ("•7r> "■"g)*''^^ radius 

/ — J- (7. Call the co-ordinates a, J, and the radius c; 

then i8^ denotes (a — a)'+ (y- J)' — c". 

So long as the iS of a point is positive the point is without 
the circle; when the 8 of the point vanishes the point is on the 
circle; when the 8 of Sk point is negative, the point is within the 
circle, iS= a constant is the equation to a concentric circle. 
The 8 of any point (as is evident from Euclid, i. 47) is the 
• square of the tangent from that point to the circle, or the rect- 
angle under the segments of any chord through that point. The 
tangent is impossible and the rectangle is negative when the 
point is within the circle. 

96. Let 8 denote 

x'+y^ + A'x + By or (a;-a')'+ (y- J^-c'C 

then 8—8' = is a linear equation; also any values of x and y 
which make both 8 and 8' vanish make 8—8' vanish. Thus 
iS— fif' = is the equation to the common chord of the circles 
8, 8'. The unabridged form is 

(a'-a)a? + (y-J)y + a»-a^ + r-&« = c'*-c». 
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Thus the common chord is perpendictilar to the line 

that is, to the line joining the centres. 

97. The two circles may not intersect, the reader may say; 
Still their imaginary points of intersection lie on a real common 
chord. In fact, if a line and circle be drawn in one plane, the 
line always intersects the circle in two points, real, coincident, 
or imaginary. Two curves of the m^ and n^ degrees, drawn in 
the same plane, intersect in mn points, of which, if mn be even, 
all may be imaginary. Two circles intersect in 4 points, of 
which two may be real. 

98. The radical aacia of two circles is their common ehord. 
It is the locus of points from which the tangents to the circles 
are equal, and (as the reader can prove by a figure) divides the 
line of centres so that the difference of the squares of the seg- 
ments equals the difference of the squares of the radii. 

99. The equation 8^X8* =^0 represents a circle passing 
through the intersection of 8 and 8': by giving a proper value 
to X, we can thus represent any circle passing through those 
intersections. For let 8^, 8^ be values of 8 and 8' for any 

iDf 

point x^ y^t then if the circle 8 — \8' passes through x^y^y X = -i^. 

Of 

Thus /S— "oi. ^' = is a circle passing through the common 

points of 8 and 8' and an arbitrary point x^y^. And by vary- 
mg x^y^ we can represent any circle passing through the other 
two points. 



Tangents. 

100, We shall now give another method of finding the 
equation to a tangent to a circle at a given point. 
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Let ^^2 be the pointy and 

a? + y'+2xycoati>+Ax + Btf+ (7=0 (1) 

the circle. 

Transfer the origin to x^y^ ; then the' new equation is 

(aj+a?i)"+(y+3^i)*-f 2(aj+a?J {y+y^coaeo 

+ ^(a; + 0?,) + 5(y -f yj + C7= ; 

or, since x^^ is on the curve, 
a?+^ + 2xy cos © + 2 fajj+y^ cos© + — j x 

+ 2^y, + x^cosa>+^y = (2). 

In polar co-ordinates this is 

r*(P+ m*+ 22m cos a>) + 2r j Z f«i + y, cos « + ~ j 

+ mUi + ajjCOSo>+— H = (3). 



If we wish to know the length of a radios vector drawn in 
anj given direction, we must substitute the corresponding given 
values of ?, m in (3). We have then a quadratic in r, one root of 
which is always zero whatever I and m may be. But the other 
value will also be zero if we take I and m such that 

2l (x^ + ^j cos ft> + ~ j + 2w (y^ + a?i,cos ft> + — J = (4). 

Thus (4) is the polar equation to the tangent at the origin^ 
The corresponding equation in Cartesians is 

2x (x^ + y, cos « +"2 j + 2y Ty^ + 0?^ cos « + — J == ...(5), 

{which equates to zero the terms of lowest dimensions in (3)). 

We return to the old origin by writing a? — a^, y-^yi for 
X and y in (5). 



or 
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The result is 

-(^, + ^, + 2C7) = -(^;+^j + 2C), 

2 {xx^+yy^ +2 C08W (xy^+yx^ 

+ ^(a? + a?J+-B(y + y^ = (6). , 

If we change x^, y^ to x^ y, and x, yio x^^ y^y this equation is 
unaltered. Of course this STmmetry exists also in the less 
general cases. 

The clause in i^cs points to the following principle]: 

WhefMver the equcUion to a curve is rational and integral, and 
the curve paaees (hrough the origin, the equation to the tangent 
lines at the origin is found hy equating to zero the terms of loudest 
dimensions in the equation to the curve, 

Ex. a? + ^=^2cy. Here y^Ois the tangent line at the 
origin. 

Suppose we want to find the equation to the tangent to the 
circle o^ + ^ == 2cy at the point x^^. Transfer the origin, and 
the equation becomes 

The tangent at the new origin is axe^ +^, = cy- 

Transfer back, and the equation required is 

. . (ic-a?i)«i + (y-yi)yi = c(y--yOj 
or a5a?i+3/yi = c(y + yi), or x^ + y^-cy^^^cy^. 



84 THE CIBCLE. 

If tangents be drawn to the circle (1) from an external point 
xj/^y then (6) will be the equation to the chord of contact. (We 
leave the proof to the reader.) Thus (6) is the equation to the 
polar oix^^ with regard to the circle (1). 



Poles and Polars. 

101. The tntersectim $/ tw6 lines is the pole of the line 
tohich joins the poles of the lines. 

Let -4, B be the two lines, and let A\ S be their poles. Let 
{AB) denote the intersection of A and B. 




Then the line A passes through the point {AB) ; therefore the 
point A* lies on the polar of {AB), Similarly the point B lies on 
the polar of {AB) ; therefore A'Bf is the polar of AB, 

If a line A pass through a fixed point P", its pole A' lies 
on a fixed line P; and if a point A^ lie on a fixed line P, its polar 
passes through a fixed point P, If any number of lines meet 
in a point their poles are in a straight line, and vice versd. 

The equation OQ . 0P=^(? in Art. 91, shews that as P moves 
towards 0, the polar of P recedes from 0, When 0P= 0, 
OQ=itg^, Thus th^ centre of the circle is the pole of the line at 
infinity. 

The reader will easily prove, by taking the simple form 
a?'+y' = c^ that the perpendicular from a point P on the polar 



THE CIRCLE. 95 

of a point Q is to tiie perpendicular firom Q on the polar of JP 
as the perpendicular firom the centre on the polar of Q is to the 
perpendicular from the centre on the polar of P. Let P{Q). 
denote the first of these lines ; then we maj thus state the pro- 
position : 

Q{P) - C{F) • 
102. Centres of Similitude. 




Let A, B be centres of two circles of which the radii are 
a, h, a being greater than J. Divide AB internally and ex- 
ternally at 8y S in the ratio a : b; then ff, 8 are the internal 
and external Centres of Similitude of the two circles, and the 
two external common tangents meet in S, and the two internal 
common tangents (which may be imaginary) in S'. Also if 
SJPQBT he any line drawn through S cutting the circles, the 
radii AB, BP are parallel, as also the radii AT,BQ. Thus 
SP : SB = SQ : ST=b : «, a constant ratio for all such lines 
through S. Thus the circle A could be obtained from the circle 
B by producing each radius vector SP {S being considered 
a pole) of the circle £ to a point B such that SB : SP= a : h. 
Had there been any curve whatsoever in the stead of B such a 
construction would have given a similar curve, similarly placed 
(and magnified in linear dimensions in the ratio a : b). The 
term ' centre of similitude ' is thus illustrated. 

Again, the rectangles SQ . SB, SP. ST are equal apd con- 
stant, being to the rectangle SP.SQ^aib. Thus, if SF QE T 
be another line through S, the points Q, Q', i?, jB lie in a circle. 
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tod BO do the points P, P', 2", T. If QQ\ RR meet in Z, 

ZQ . ZQf ^ZB.ZR (Euclid, in. 36) : ikerefore Z lies on the 

radical axis of the circles Aj P. Similarly TT^ TF intersect 
on the radical axis* 

Let there be a third circle with centre (7 drawn. There are 
now six centres of similitude, and it readily follows firom the 
geometry of the triangle ABG that these centres of similitude 
lie three and three in four straight lines. These lines are called 
aoiee of similitude* 



Examples on Chapter VII. 

1. Is the origin within or without the circle 

2. Prove, by any means, that the circles 

touch one another if 

, (a-ar + (J-J7=(c±cr. 

3. Find the condition that the circles 

aipf + y^ + Ax + By^-C, ol [pi? + j^) + Ax + By+ G\ 
may touch one another. 

4. ABG is a triangle, and AB^ A G are taken for axes. 
Find the equation to the circumscribing circle, and the equations 
to the tangents at -4, 5, G. Prove that the tangent at an 
angular point A makes angles By C with AG^ AB. 

5. A circle circumscribes the triangle whose vertices are 
^1^1 > ^^%} ^^r ^i^d its equation. ; 
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6. Find the equation to the polar of the origin with regard 
to the circle o^ H-y' -f -4a? + -By -f (7. 

7. Find the equations to tangents to the following curve 
at the point ajy' : 

(1) oy = a?. (2) a^y^a?. 

(3) f=8in|. (4) a?« + yi = al 

8. ABGf abc are two triangles such that A^ B, (7 are poles 
of Ac, ca, ah. Prove that a, J, c are poles of -B(7, (74, 45. 

Such triangles are called copolar triangles. 

9. K4.-B(7, oic be copolar triangles, then -4a, Bb^ Cc meet 
in a point, and the intersections of BG^ be ; GA, ca ; ABy ab 
lie in one straight line. 

10. Hence prove that the lines joining the angular points 
of a triangle to the points of contact of the inscribed circle meet 
in a point. 

11. What are the conditions necessary in order that the 
general equation 

oaj" + iy* + c + 2a'y + 2 J'a? + 2c'ajy = 0, 

may represent a circle? (©). 

12. If four fixed points be taken on a circle and joined to 
any fifth on the circle, the pencil formed will have a constant 
anharmonic ratio. (Euclid, ill. 21.) 

13. Find the ratios in which the line joining the points xy, 
xy' is cut by the circle ai" + y* = c*, and hence find the equation 
to the tangent at a point on the circle and the equation to two 
tangents from an external point 

T. G. 7 
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14. In the fig. of Art 77^ let A, j9, (7, i> lie in a circle, and 
let LA, LD be axes ; let LA = a, LB = h, LG^c, LB=sd, and 
the angle ALD=:a). Then prove that the equation to the circle 
is 

^, + 1', + ary cos 0,-0, (l+^)-yg + ^)4.1 = 0, 

and prove that of the points L, N, D each is the polar of the 
line joining the other two. (Ex. 29, Chap, vi.) 



CHAPTER Vni 



THE PARABOLA. 



103. A conic section is the locus of a point which moves 
so that its distance from a fixed point bears a constant ratio to 
its distance from a fixed straight line. The conic section is a 
parabola^ an ellipse^ or a hyperbola^ according as this constant 
ratio is equal to, less than, or greater than unity. The fixed 
point is called the focus^ the fixed line the directrix, and the 
constant ratio the eccentricity^ 

The propriety of the term * conic section ' rests on this, that 
if a right circular cone be cut by a plane, the section will be one 
of these aforesaid curves. 

A curve whose equation is of the n^ degree is called a curve 
of the n*** degree. 

All conic sections are of the second degree. For let xy be any 
point on the conic, and let ^ be the focus, and Ax + By + C= 
the directrix; also let e : 1 be the given ratio or eccentricity. 
Then xy% distance fromj^ is e timeg a?y's distance from 

Ax-\-By + (7; that is. 



or 



This is the equation to the conic section, and it is rational, inte^ 
gral, and of the second degree. With oblique axes the equation 
would still be rational, integral, and of the second degree. Thus 
all conic sections are curves of the second degree. 

7—2 



100 



THE PARABOLA. 



It will be proved hereafter that all cnnres of the second de- 
gree are conic sections. 

104. To find the equation to the parabola in a simple form 
we maj proceed thus. 

Let 8 be the focus, and 80 the perpendicular from 8 on the 
directrix YY\ Take 08y Y for axes of x and y. Let Oiff = 2a, 

Y 




and let a;, ^ be co-ordinates PN^ PM of any point P on the 

curve. Then 

P8^PN] .\ F8'^PN^, 

or, PM'+8M*=.0M'j 

or, y* + (a? - 2a)' = a?, 

or, y" = 4a(aj-a) (1). 

This is the equation to the curve. 

Put y =0 in (1) ; then x^a, that is, if -4 be the point where 
the curve meets the axis of a;, OA = A8^ a. 
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The point A I9 called the vertex of the curve and the line Ax 
the axis of the corye. 

If we transfer the origin to the point A without altering the 
direction of the axes, equation (1) becomes 

Jt'^'^^^ (2), 

and this is the form we shall chieflj use. 

105. The curve jf^ = 4aaj passes through the origin and the 
line x ^ is the tangent at the origin. (Art. 100.) 

For every positive value of x there are two values of y, 
equal in magnitude and of opposite sign : thus the curve is 
symmetrical with respect to the axis of x. Also if a? be nega- 
tive, y is impossible. Thus the curve lies wholly on the Ox 
side of the axis oiy. 

If a? be infinitely great, so is y. Thus the curve is of in- 
finite size. 

106. To find the equation to the tangent at the point x'j\ 
The equation to the chord joining x'y' and x"y" is, — since 

y'* - 4aa;' = = y"" - 4aaj", 

so that ,/ . / = ^ . ^ ,— 

y +y 4a ' 

x—x' _ y^y 
y +y 4a 

When x'y" moves up to, and coincides with, x'y\ the chord 
becomes the tangent at a^V, and its equation, since ultimately 

a? — a?'y — y' , ^ n ^ , 

-y- = ^^, or yy' = 2aaj + y'«-2aaj', 

or yy = 2a {x+x') , (1), 

since y'* = 4aa?'. 

Of course this equation can be obtained by the method of 
Art. 100. 
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The normal at oiy is perpendicular to the line 

yy' = 2a (a? + x\ 
Its equation is therefore of the form 2ay-\-yx = a constant. 

But the normal also passes through xy' \ therefore the con- 
stant is 2ay' + y*x\ 

Therefore the equation to the normal at x*y' is 

2ay + yaj = y (2a + aj') (2). 

107. The equation yy' = 2a (a; + a?'), since a?' = j-, may be 
written 

y = -7a; + J^, or, if— ybe denoted by m, 

y ^<^ y 

y^mx-V — -(1). 

vn, 

Here m is the tangent of the angle which the line makes with 
the axis of a?. 

Conversely any line whose equation is of the form 

y^x tan 5 + a cot 5, 

touches the parabola %^ = 4aa?, viz. at the point y = 2a cot 5, 

x^a cot' 0. 

Equation (2) of the preceding article can likewise be ex- 
pressed in terms of tbe inclination of the normal to the axis 

of a?. For let that inclination be tan"* m, or, let w = — :^ , then 

' 2a 

a?' = J- = aw", and the equation becomes ' 

y = wia? — 2aw — aw' ••(2)» 

108. Let Pr, PG be tangent and normal at the point 
P[x'y'), and let PM be perpendicular to the axis of the curve. 
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In the equation yy' = 2a (a: + a?'), i. e. in the equation to PT, 
puty = 0, then 

a?=-a?'. Thus ^!r = Jif. 




Again, BP = AM +A8 (by definition) = a?' + a ; 
.-. BiacGAM + A8=AT+A8, SP^BT. 

Thus the triangle STP is isosceles, and if PZ' be parallel to 
the axis of the curve, SP, PX' are equally inclined to the tan- 
gent at P. 

Again, in the equation to PO, or 

2ay+y'x = y {^a + x*), put y = 0; 

then x = 2a + x\ Thus M0=2a. 

The double ordinate through the focus of a conic section is 
called the latua rectum. In y" = 4aaj if we put a? = a we get 
y = ±2a. Thus the latus rectum of this curve is in length 4a, 
and MG is half the latus rectum. 



Also 



80==2a + x'-8A = a + x'=^8P^8T. 



The reader can easily show by geometry that if Z be the point 
where the tangent meets the axis of F, 8Z is at right angles to 
the tangent. But we shall also prove this analytically. 
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109. To find the locus of the intereedion of the tangent with 
the perpendicular draum to the tangent from thefotus. 



a 



LetyssfwajH — (1) be any tangent The equation to the 



m 



line through 8 (that is, the point x^a, y = 0), perpendicular 
thereto, is my + x=^a (2). 

Combining (1) and (2) we get the co-ordinates of Zy the foot 
of the perpendicular. If o^ be this point Z, equations (1) and 
(2) state each a fact about osy ; and each fact depends on the in- 
dividuality of the tangent, for if we take another tangent we take 
another m, and other equations instead of (1) and (2). But if we 
eliminate m we deduce a fact about xy which is quite independ- 
ent of the individual tangent, and is the ec^uation to the locus 
of xy. 

Now from (1) my = m^x + a, and from (2) my=:a — x* 

Therefore m*x + a=:a^Xy or aj(H-m')=0, or a? = 0. 

Thus the x of the foot of the perpendicular is always zero: 
therefore the locus is the tangent at the vertex of the parabola. 

110. Let fiP= r, 8Z:=p. Then 8Z bisects the angle T8F, 

cos JfifZ= cos Z8P or - =^ , 

p r 

or p^ = ar. 

Of course this could be proved by Art. 46. 

111. The t^—Aax of any point on the curve vanishes. I 

T 




a pojjat be within the curve, its y* — Aax is zero. For let QM 
be oifdinate of such a point, and let QM meet the curve in F. 
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Then QM is less than PM, and the points F, Q have the same 
X : thus the jy' — 4aa: of Q is less than that of P, i.e. less than 
zero, and therefore negative. If the point be outside, as Q^ the 
y' — ^ax is greater than that of P and therefore positive. At Q' 
X is negative and therefore y* — 4aa; is positive. Thus the point 
xy is within or without the curve according as y'— 4aa; is nega- 
tive or positive. 

112. From an external point two tangents can be draton to a 
parabola. 

' Let hk be the external point, and let xj/ be the point of 
contact of a tangent through hk. Then 

a quadratic for finding y\ The roots are both real since A?— 4aA 
is positive. To each y' corresponds a ^ , or, an x. 

The equation to the chord of contact is ffk = 2a{x + h), 
(Arts. 86 — 90, 92, 100 maj be slightly altered so as to suit the 
parabola.) 

113. A diameter of a curve is the locus of the middle points 
of a system of parallel chords. 

For example, in the circle a diameter is, according to this 
definition, a straight line drawn through the centre, and is per- 
pendicular to the direction of the chords. 

To find the diameter in the parabola y* = 4ax to the chords 
draton in direction [1, m]. 

Let ^^ — ^- — ^ = r be one of these chords, a?V being 

I m 7 .7 O 

its middle point. 

At the points where this intersects the curve we have 
x = x' + lry y = y' + mry and y" = 4aa?. 

Thus the equation for finding r is 

(y* + mr)' = 4a (a?' + Zr), 
or wiV + 2r (wiy' — 2aZ) 4-y'* — 4aaj' = 0. 
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The Tftlaes of r are equal and of opposite sign ; therefore 

mj/ - 2aZ=0. 

Thus the locus of x*y' is the straight line my = 2at (See also 
Ex. 14.) Thus all diameters are parallel to the axis. The co- 
ordinates of the extremity of the diameter my = 2al are 



y^ 



2al 



x = 



2aV 



m m 

The reader can prove that the tangent at this point is parallel to 
the chorda which the diameter bisects, 

114. To find the equation of the parabola referred to any 
diameter and the tangent at the extremity of that diameter, 

Y 




The equation to the parabola referred to the diameter and 
tangent at id is 

y* = 4aic (1). 

We shall now change the axes to the diameter and tangent at 
the point P, whose co-ordinates are A, Tc, 

Let Q be any point on the curve, oj, y its co-ordinates AN^ QN 
referred to -4X, AY\ x'^y its co-ordinates PV^ QF referred to 
Axy Ay. Let QNmib^t Px in jB, and let the angle yPx = q>. 

Thena?=^iV= J.if+Pr+ F5 = * + a?' + y cose;, 
y^QN= PM+ QB = k + y' sin ©. 
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Thus (1) is transformed to 

(A; + ysinQ))' = 4a(A + aj'+y'co8G)) (2). 

PM h 
Now If = 4aA, and, as tan g> = v™ = ^ , the coefBcient of y' 

IS zero. Thus (2) becomes 

y^*= . ^ a?', or, accents suppressed, 

y' = ^-^-oj (3). 

Also cosec'© = l + cot'© = l + -75-= 1 +-= — (Art. 108). 

Thus (3) may be written 

f^^ax (4), 

if a denote the focal distance of the new origin. 

115. We shall now indicate another method of obtaining 
this equation. 

The equation required must be of the second degree, and is 
therefore included in the form 

aa' + Jy' + c+2a'y + 2i'y + 2c'a^ = (1). 

The origin being on the curve, c = 0. Also (Art 100) the 
terms of lowest dimensions vary as x, because the axis of y is a 
tangent at the origin. Thus a = 0, and (1) is now reduced to 

oa?* + V + 2i'aj + 2c'a:y = (2). 

For every positive value of x there are two values of y, equal 
in magnitude and of opposite sign : thus c' = 0. And for every 
value of y there is but one finite value of x : thus a = 0. 

The equation is now reduced to Jy' + ib'x = 0, or 

— = a constant. 
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What constant is known bj calculating the ^ of the point A. 
This is found by Geometry to be 4iSP. 

116. The equation to the tangent at x'j/ is now 

The tangents at {xy)^ (a?', — y') meet the axis of x in the 
same point, or, tangents at the extremities of any chord of a 
parabola meet in the diameter which bisects the chord. 

117. Polar Co-oedinates. (See figure to Art. 104.) To 
find the equation to the parabola^ thefocua heing pole. 

Let fifP, the angle OSP, and the semilatus-rectum 08 be de- 
noted by r, 5, t Then 

SP^PN^ OM^ 08+ 8M=^08+8P COB P8M, 

or r=Z — rcosft 

Thus the equation to the curve is 

~=l + cos^ (1). 

If M8P had been the vectorial angle the equation would have 
been 

- = l-cos^ (2). 



Examples on Chapter VIII. 

1. Find the equation to the parabola whose focus is the 
origin and directrix the line a; + y = 1. 

2. Find the equations to the tangents and normals at the 
extremities of the latus-rectum of y' = 4aaj. 

3. The tangent at any point meets the directrix and latus- 
rectum produced in two points equidistant from the focus. 
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4. Trace the curves af^iay^ y* + 4aaj = 0, and find the 
equation to their common chord. 

5. Find also the angles at which the curves intersect. 

6. Prove by means of the form y = mx + — that two tan- 
gents can be drawn to a parabola from an external point. 

7. If y = mjOJ, y = m^ be directions of tangents to y* = 4aaj 
from an external point xy\ then 

jyi + w =2.,, and mm^^ - . 

8. The directrix is the locus of points from which tangents 
can be drawn at right angles. 

9. The directrix is the polar of the focus, and the polar of 
any point on the directrix is at right angles to the line joining 
that point to the focus. 

10. What is the focal distance of the point (—2, 4) in the 
parabola y* = oj? Write down the equation to the normal at this * 
point, and find its inclination to the axis. 

11. In the curve y'ss — 3aj find the points at which the 
tangents are inclined at 30' to the axis, and prove that the focal 

distance of each point is V3. 

12. From the vertex of y' = 4aa; a perpendicular is drawn 

to the tangent. Prove that the locus of the foot has for its 

equation 

a(a:' + y^+ay'=0. 

13. If the perpendicular be drawn to the normal, the 

locus is 

y* {^+!^ — 2aaO = oaf* 

14. Find the ordinates of the points where y = mx + c 
meets the parabola, and prove that if wi be given and c vary, the 
locus of the middle point of the chord is the straight line 

_2a 



^ 
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15. Is the point (1,-3) within or without the parabola 

16. Draw the curves (y - 3)* = 4 (a? + 2), (y + 3)* = - 4(a?-2). 

17. Find the equation to the parabola if^Zx referred to 
the diameter and tangent at an extremity of the latns-rectum. 

IS. Befer y* = iax to the tangents at the extremities of the 
latns-rectum. 

19. If FT be the tangent at P and PM an ordinate to the 
diameter TMy TM is bisected by the curve. 

20. Give a geometrical construction for the polar of any 
point. 

21. Find the ratio in which the line joining xy and xy' is 
divided by the curve y* = 4aa?, and hence shew that the equation 
to the two tangents from xy is 

(3^-4aa:) (y«-4aaj') = {yy'-2a (« + «)}'• 

22. Find the polar equation to the parabola, the vertex 
being pole. 

23. From the vertex are drawn two chords AP, AQ Kt 
right angles. Find the least area of the triangle APQ. 

24. Find the polar equation to the parabola referred to an 
extremity of the latus-rectum as pole and the latus-rectum as 
initial line. 

25. The focus being origin, the equation to any tangent can 
be put in the form 

y=^mlx'{-a)-\- - • 

26. From no point can there be drawn more than three 
normals to a parabola. 

27. If the normals to y' = 4aaj at xjy^^ xj/^, a?^, meet in a 
point, then y^ + y, + ^8 = 0. 
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28. The lines from the vertex to the points of contact of ^ 

tangents from Qi, k) are represented by the equation 

Ay' = 2aj {]cy — 2ax). 



i' 



29. Determine the locus of the middle points of a focal 
chord. 

30. The semilatus-rectum is a harmonic mean between the 
segments of any focal chord. 

31. A point moves so that its distance from one given line v 
varies as the square of its distance from another given line. Prove 

that the locus of the point is a parabola having the first line for 

a tangent and the second for the corresponding diameter. i. 

32. A parabola has a given axis y = and passes through a 

given point (0, Tc). Prove that its equation is of the form ^ 

and examine the case in which h is infinite. 
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118. Fbom S the focus of any conic section draw 8E per- 
pendicular to the directrix JSN, and take JF5, EN for axes of 
X and y. Let e te the eccentricity of the curve, and a?, y the 




co-ordinates PN, PM of any point P on the curve. Also let 
E8=p (so that in the case of a parabola p is the semiiatas- 
rectum). Then 

SP=e.PN; or 8M'+MP^=^^.PN^; 

(a?-;>)« + y« = eV (1). 



or 



This is the equation to the conic section. 
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For every value given to x in (1) there are two values of 
y, equal in magnitude, but contraiy in sign. Thus, the curve 
is ' symmetrical with respect to the line' U8. 

119. The case in which 6=1 has been treated in the last 
chapter. We now take the case in which 6 < 1. The curve is 
an ellipse. 

In the equation (a? — />)* +y' = eV (1) make y = ; then 

P 

0?=-^. 

1 + e 




That is, if -4, -4' be the points where the curve meets FSj 

1+e' 1-6 



Also 



AA 



_ 2q> 



1- 



If (7be the middle point o{AA\ 



AC 



1-6 



s f 



and 



EO^ 



P - 



t^EA^EA^^j^^ 



AG 



6 



T. G. 
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Alflo 8C^l{8A'^SA)=^l{e.EA'-e.EA)=^e.Aa 



2 ^ — ' 2 

Thus C8. CE^ CA\ 



P . .1..^ -;.__ «y 



e* 



Again, in (1) make x — EG or j^^ ; then J^—yz: 

That is, if 5, jy be the points where the curve meets an ordinate 
through (7, 

Again, let LL* be the double ordinate through S. Thea 
L8 = e . JSjSi ; that is, the semilatns rectum is 

120. In equation (1) of Art. 119, give y any value ER. Then 
the sum of the values RQ^ RQ oi x is, by the theory of quad- 
ratic equations, y^a • Thus -[RQ-k-RQ)^ EG^ or the 

middle point Fof any chord QQ' parallel to A A lies in BB\ 

Thus the curve is symmetrical with respect to BB\ and if 
in EG produced we take 8' and E' such that E'G=EG and 
8'G= 8G, and draw E'N' parallel to EN meeting NP pro- 
duced in N', and join 8'P, then S' and EJN' are a focus and 
directrix with which the curve could have been described, and 

8'P^e.PN\ 

The lines AA\ BB are called the axes of the curve; A A' 
the major or transverse axis, and jRB' the minor or conjugate 
axis. The point (7 is called the centre of the curve, and -4, -4' 
are called vertices of the curve. Every chord through G is 
bisected at (7. This is clear from the double symmetry of the 
curve. 

Let AA = 2a, BB = 26. Then 

a« = 5^(l-e«), Cfif=^, C^=-, iSX=-=a (l-c'). 

6 a 

121. In the equation to the curve write x + ^ ^ for a?. 
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The axes of co-ordinates axe now (7^' and GB^ and tiie equa- 
tion is 



or 



or 



«?(l-e?)+3^=3^=«*(l-<^; 







This equation shows that the ellipse is bounded in 

every direction, for if of exceed a*, y* is negative, and if y* 

exceed &', a? is negative. The same appears from the pokr 

form 

1 cos' 5 . sin* 5 



a" 



122. Let PJf be the y of any point xy on the curve. Then 
the equation 

^, + j, -1, or^._^ ^, 



asserts that 



PiT 



BC* 



AM. AM AC' 

We may observe that 

SP^e.ME^e{CE+CM) 
= a + eaj, 

and . B'P=e.ME = e{OE-CM) 



a — eas. 
8—2 
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The sum of tlie fi>cal distances is the same for all points on 
the conre, namelj 2a« 



123. The equation 

suggests the Trigonometrical formula 

sin'^ + cos'^asl. 



(1) 




On AA\ BB' describe circles {auoGiliary circles they are 
called), and from F the point xy draw ordinates PM^ PN meet- 
ing these circles iirP', p. JoinCP'. Then (7if= (7P' cos JP'Ol', 
or x^aoo^FGA. Let the angle FGA' be denoted by 0. 
Then a; » a cos ^, and from (1) y = J sin ^. 



Thus 



PJf ^ &sin0 _S 
P'Jf ""a sin ^ a* 



At the point where CP meets the smaller circle 

y = J cos BGF «= h sin ^. 

This point therefore lies in P^and is the point |>. 



Thus 



Pj^ qcos^ g 
pN "" J cos ^ "" 6 * 



The angle f^ is called the eccentric angle of the point P, 
and CpF the eccentric nulius vector of the point P. 



— I 
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124. If ojy, oj'y be two points on the curve 

then ___+y_y_=o, 

Thus the equation to the chord joining the points is 

a-a' y-y' 



«'(y'+y')''"**(a''+»")"^' 

and the equation to the tangent at a;y , found by making si' = x' 
and y" =y', is 

a* ^ V "' 

7+^=' •• «• 

This can of coarse be obtained bj the method of Art 100. 

The normal is perpendicular to the tangent, and therefore its 
equation is of the form 

cfx JV 

— ; 7- = constant 

X y 

And as the normal contains x'y' the constant is 

x' y 
or a* — &\ Thus the normal's equation is 

'^'^f=<^-^ (2)- 

See Examples 8, 9. 

125. The equation to the tangent can be expressed in terms 
of the tangent's inclination to the axis of x. For the equa- 
tion is 

Vx , V 
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And if m denote — rrt -Ibo that f» =-t-«(1 — tf) and 
therefore — , = a"fii*+ J7 , this becomes 

y ) 

y = mx±JaW-^b\ ' 

The sign is doubtful, because two tangents can be drawn in 
a given direction to to ellipse. (Compare Chap, vl Ex. 15). 

Similarly, the equation to the normal can be put in the 



form 



y = fnx± 






126. Inthe equation -^+^«1 put y = 0. Then a»?'=a«; 

that is, if the tangent PT at P meet CA in T, and PM be 
P's ordinate, 

CM. CT^ a\ 




Similarly, if TP meet CB in t, and PN be perpendicular 
to CB, 

CN.a^V. 
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Let the nonnal meet the axes in G, Cf, 

In the* equation —, ^^cp-^h* make y = 0. Then 

if 

a;=^-^a;' = e'a!', or CQ^i.GM. 
or 

S 7 2 % 

Makeaj=0. Then -y=^^-^y', or GG'^^.y.CN. 

Also 8G^ae + e*x=e,8P, 

and 8'P=ae-e''x = e,8'R 

Therefore (Euclid, vi. 3) the normal bisects the angle between 
the focal distances. The tangent bisects the supplemental 
angle. 

127. To find the locus of the foot of the perpendicular from 
the focus on the tangent. 

If y-mx^JaW + b' (1) 

be any tangent, the perpendicular 8Z from 8 is 

my-\'X = ae (2). 

At the point Z, (1) and (2) are both true ; therefore at Z, 
{jf-^mxy+imy + xY^aW + b^ + aV, 
or, (ai" + 3^(l + m')=aW + a^ 

or, a^ + y' = a'. 

Thus Z (and similarly Z') lies on the greater auxiliary 
circle. 

128. The equation to the tangent can be expressed in terms 
of the tingent's distance from the centre, and the inclination of 
this distance to the axis. For let 

a?cosa+ysina-^ = (1) 

be identical with ^ 

^+f-_l=0 (2).. 
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Then 



X 

a 



t 



V^ + F 



acosa fccosa jp Vo' cos' a + 6' sin" a Va'cos" a + J* sin" a * 

Thus jp = Va'cos*a + i*sin*a, 

and (2) becomes o^oosa+ysinassVa'oos'a+i'sin^a. 

129. An important xesalt can be obtained b7 Art 128. 

Let T be the intersection of tangents TF^ TF which cut at 
right angles. 




Draw the perpendiculars CQ^ GQ^ and let their inclinations 



TT 



to the axis be a, — + a. Then 

2 

(7Q» = a*cos*a + i' sin*o, 

and (7Q'' = a' sin* a + J* cos* a. 

Therefore GQ + 04" or GT^ = a* + 5*, a constant. 

Thus the locus of the intersection of tangents at right an- 
gles is a circle concentric with the ellipse, and of radius 

This circle, by analogy with the directrix of, the parabola, 
is called the director-ctrcle of the ellipse (see Chap. viii. 
Ex. 8). 
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130. The -5 + ^ — 1 of anj point is positive, zero, or nega- 
tive, according as the point is without, on, or within the ellipse. 

It may be shewn (compare Art. 85) that from any external 
point can be drawn two tangents. The chord of contact corre- 
sponding to oiy is 

a« "^ 5» ^ ^' 

Arts. 87—90, 92, 100, 101 can be slightly modified so w to suit 
the ellipse. 

131. To find the diameter conjugate to chords tn direction 

P,m]. 

Let ' ^' = yrV^^ 

6 m 

be the equations to one of the chords, x]/ being the middle point. 
At any point of the chord 

x = x' + lrj y^y' + mr; 
and at the points where the chord and curve intersect 



(^0'+(^'='- 



The values of r in this quadratic are equal and of opposite 

sign. Therefore 

Ix my' _ 
a* +-jr-y. 

Thus the locus of x*y' is the line 

?+?=« (■) 

which passes through the centre of the ellipse. 

By varying the ratio of Z : in we can make the coefficients 
in (1) have any ratio we please. Thus, every central chord is a. 
diameter. 

It Z, 9n be only proportional to direction-cosines, equation (1) 
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is not altered. Let (r, m!) be in this general case the direction 
of the line (1). Then l\ m* are proportional to 

that is, 5' + ^' = ^ (2). 

The sjmmetrj of (2) proves that if a diameter in direction 
{V, m) bisect the chords in direction {I, fit), then the diameter 
in direction (Z, m) bisects the chords in direction {l\ m). Two 
such diameters are called conjugate. 

Any line parallel to one diameter is conjugate to any line 
parallel to the other. In short, the directions {I, w), (f, m') may 
be called conjugate, and (2) is the condition for this relation. 

The diameters y = mo?, y == m'x are conjugate if 

mm = — — a • 

a 

132. Prom any point Q on the curve draw QP, QP' to the 
extremities of a diameter. These chords are called supplemental. 




The line from the centre to the middle point of QP bisects both 
QP and P'P, and is therefore parallel to QP'. Thus, supple- 
mental chords are also conjugate. 

133. The tangent at an extremity of a diameter, being an 
extreme chord of the conjugate system, is parallel to the conju- 
gate diameter. (See Art. 83.) Let PP', JDD' be conjugate 
diameters : then the tangents at P, P', 2), iX form a parallelo- 
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gram circtunflcribiiig the eUipse. The lunrmak at P, P' are per- 
pendicular io D, ly. 

134. CKven x', y' the co-crdtnaieg of an extremity of a dior' 
meter^ to find x", y", ihost of an extremity of the confugaie die 
meter. 

X fi X If 

Since the lines — , = *^ , -n = -^, are conjagate, by Art 131 

^ y ^ y 



J 19 ^J.JI 



Thus 





XX 

y" 
h 

y' 


:+yy 


= 0. 


1 




a _ 


V7 


^ ft* 


»y 


a 
x' 


.Va:'« 


y 


a6 


or 


x"^i 


• b ' 


y"=T 


a 


• 



Cor. The eccentric angles of the points x'y'^ oi'y' differ by 
a right angle. 

ft 

135. The sum of the sqnares of two semi-conjugate diameters 
is constant, for 



a? 



+ y' + «"«+y"« = aj''(l + ^.)+y'(l + ^=c?+6'. 



136. Also the parallelogram in Art. 133 is of constant area. 
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For draw PF at right angles to Dlf. Then PF* the perpen- 
dicalar from C on the tangent at P 



^ Va* cos'a + 6* sin'ay 
if a be the inclination to CA' of this perpendicular (Art 128). 

Also, as - + a is I>'b vectorial angle, 

1 sin'a , cos'a .* , --,-v 
-m^-J^-^-W CArt.121). 

Thus the area » 4PF. CD » 4ai. 

137. The diameters y » mo;, y » — tno? are conjugate if 

mm — — — i • 

a 

Let m, m' be nmnericallj equals then these conjugate dia-* 
meters, being equallj inclined to AA\ are equaL And [since 

fn is ± - , the7 are the diagonals of the rectangle formed bj 

tangents at A, A\ B, R. 

The length of an equi-conjugate radius vector is a/ ^ ^ 
(Art. 135). 

138. Let 8P, CD meet in E (see fig. to Art. 126) ; PM, CD 
in B\ and let SZ^'Vy &'Z'^w\ 8P^r, Sr^^r'. 

It can be shewn geometricallj that 

«rtsr' = J« (Xj^ 

and that PE is equal and parallel to CZ\ and that therefore 

PE=^a (2). 

Then as the angles 8PZ, S'PZ', PEF are equal, their sines 
are equal. Thus 

«■ «■' PF h 
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therefore as vv =sl\ 

rr'^OIf. (3), 

"wlilcli therefore ^^ a* — ^a?f and 

ft^^h^^, «r'«-y- (4). 

Again, from the nature of the quadrilateral GFBM, 

PF.Pa^PM.PB 

^V (5). 

Similarly PF.PCF^c? (6). 

These results maj also be obtained bj analysis. 

139. To find the equaJtion to the ellipse referred to two oon^ 
juffcUe dtametera as co-ardinaie axes. 

The equation maj be arrived at bj the formulas of trans- 
formation (see Chap. ni. Ex. 25). But we shall proceed other- 
wise. 

Let a% V be the lengths of CP, CD, the semi-conjugates which 
are to be the axes. Assume for the equation 

Aa?'\-B}/^+C'\-2Dy'\-2Ex'\'2Fxy^0 (1), 

(a legitimate assumption, bj Art. 103). 

For each value of x between a and ^a the two values of y 
are to be equal and of opposite sign. Thus^ for an infinite num- 
ber of values of a;, 2D-\-2Fx vanishes. Therefore 2>>b0 and 
jP=0. Similarly JK= 0. 

We have now reduced (1) to 

u4a? + JBy* + (7=0, 



^+4=1 •(^)- 



or 

^ A A 



Q 

Makey»0; then ajP, or a' *= — 3* 
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B 
Makea: = 0; then 5^, or J'*, =--3'. 

Thus &e equation sought for is 

• ^t% 1^ X/t "*•• 

a 

' 140. The equation to the tangent at x'y' (or to the polar 
of x'y') is now 

and the directions (J/nC)^ (Ti'm!) are conjugate if 

11 futn ^ 

The reader will easily prove that tangents at the extremity 
of any chord meet in the conjugate diameter. 

' 141. To find, the polar equation to the ellipse, the focus heing 
pole* 

In the figure of Art. 119 let iSP= r, and the angle ASP^ 0. 
Then 

SP^e.PN^e.EM^e{E8-^8Pco8P8M)j 
or rs=cp — 6r cos ft 

. Thus the equation is 

^ ^ 1 + 6 cos ft 
r 

or -^ ^ = 14-6 cos ft 

r 

or, if I denote the semilatus-rectum, 

I 

- = 1 + 6 cos ft 

r 



If had been the angle A'SP, the equation would have 
been 

- =s 1 — e cos ft 
r 
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Examples on Chafteb IX. 

N. B. When nothing is implied to the contrary, it is to be 

. . a? v^ 
understood that the equation to the ellipse is -^ +^ « 1. 

1. Find the equation to the ellipse which has the point 
(1,-2) for a focus, and the line 3a? — 7y = 2 for the correspond- 
ing directrix, the eccentricity being J. 

2. What is the eccentricity of the curve 

3. What are the eccentricities of the corves 

a:' + 2/=l, Sic' + S/^ll, 
and what are the co-ordinates of their foci? 

4. The equation to the ellipse referred to its vertex A as 

origin is 

^ y^_2aj 

a" 6" a 

5. Find the equations to the tangents at the extremities of 
the latera recta. Where do these tangents meet AA' ? 

6. Two pins are fixed in a table at a distance 2c apart, and 
over them is thrown an endless string of length 2 (a + c), which 
is kept tight by an upright pencil. Find in the simplest form 
the equation to the curve traced by the pencil on the table. 

7. Find the equations to the tangent and normal at any 
point of the curve in Ex. 4. 

8. Prove that the equation to the chord joining the points 
whose eccentric angles are ^, 0' is 

-cos'^+lsin^^cos^^. 
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9. Deduce equationB to the tangent and nonnal at one of 
the points. 



10. Apply the form y = hmj + Jcfm^ + V to find the locus 
pf the intersections of tangents at right angles. 

11. Is Ihe point (1, 2) within or without the carve 

12. Find the points of the ellipse Saf + lt^^i, where the 
tangents are equally inclined to the axes. 

18. Find the area of the triangle TCt (fig. to Art. 126), and 
prove that if P be an extremity of a latus rectum^ 

ATCt : ASPS' :: 1 : 2e'(l-c'). 

14. A line of given length moves with its extremities on 
two fixed lines at right angles. Shew that the locus of any 
point in the line is an ellipse whose semi-axes are equal to the 
segments of the line* 



16. Assuming that the equation y = mx + J a* w* + V repre- 
sents a tangent to the ellipse, prove that two tangents can be 
drawn from an external point, and find the locus of the point 
when the tangents include a given angle. 

16. How many normals can be drawn to an ellipse from a 
given point in the major axis? How many from a given point 
in the minor axis ? 

17. The line joining the centre to any point is conjugate to 
the polar of the point. 

18. If CP meet the polar of P in Q and the curve in JB, 
thenC?P-C7(2=C?i?. 

r 

19. The directrix is the polar of the focus. 

20. A chord PQ parallel to AB meets the axes in Jf, N. 
Prove that PJlf = QK 
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21. In what positions of CP and CD is the angle PCD a 
maximum or minimum ? > 

22. In the ellipse (see fig to Art 126) OT . CM^ CD^: 

23. lipf r be the central perpendicular and radius vector, 






a« + J«-r»' 



24. T£p, r be the focal perpendicular and radius vector, 

y_2a 
p r 

25. Prove that the lines CZ, CZ' are parallel to 8T, SP, 
and find the locus of the intersection of the diagonab of the 
parallelogram formed bj these four lines. 

26. The ellipse being referred to the equi-conjugate diame- 
ters, find the equation to the normal at anj point. 

27. If ^Fbe the ordinate to any diameter PP'j then 

QV CD" 
PV. VF" OP"' ^ 

and if the tangent at Q meet CPin T, then CV.CT^ CP". 

28. If a, )3 be the direction-angles of a central perpendicular 
p referred to two conjugates, 

p* = c? cos* a + &" cos* /3* 

29. The circles described on jSP, 8*P touch the larger 
auxiliary circle. 

30. Find the co-ordinates of the middle point of the chord 
y = mx + c, and if m be given find the locus of this point . (co). 

31. Find the locus of the intersection of tangents at Pand 
i>, and the locus of the middle point of PD. 

32. If aPjazy be semi-conjugates, the triangles GPP, CDD 
are equaL 

T. G. 9 
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83. Find the oonditioti that two ptin of conjugate diameters 
maj fonn a hannonic pencil. 

34. Find the polar equation to the ellipse when the foot of 
the directrix is orig^ and the directrix the initial line. 

2CP* 

35. The length of the focal diord parallel to CP is • 

36. The soma of the squares of the reciprocals of central 
radii at right angles are constant. 

37. Find the equation to the common diameters of the 
ellipse ^ + ?i — 1 «id the circle a'+y'^c*. 

38. Find also the equation to the common tangents and 
prove that, if c^ = a&, the common diameters bisect the common 
tangents. 

39. Find the angle of intersection of the curves in Ex. 37 
and the length of common tangent 

40. The points from which four normals can be drawn to 
an ellipse, two and two at right angles, lie in the equirconjugate 
diameters. 

41. Find the locus of the middle points of chords drawn 
through a fixed point. 

42. When is a curve symmetrical with respect to a given 
line? 

Prove that the curve cb" + y* = a* is symmetrical with respect 
to the line a; ==y. 

43. An ellipse slides between two lines at right angles. 
Find the locus of the centre. 

44. Two ellipses equal in all respects have the same centre. 
Prove that their common tangents form a rectangle. 
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45. From the equation y — mx + JaW + b* deduce the 
equation to the tangent to the parabola* 

46. Find the loci of the points JS, jP, B in the fig. to Art 
126. 

47. P is a point on the auxiliary circle, and P-4, PA' meet 
the ellipse in Q, Q\ Prove that 



s 



AP A'P a 

AQ'^A'g''^'^¥' 

48. Giyen the foci, to what form does the ellipse approxi- 
mate as the eccentricity increases? 

49. Given the points -4, A\ to what form does the ellipse 
approximate as the eccentricity diminishes ? 

50. The locus of the foot of the central perpendicular is 
the curve 

51. From a fixed point on an ellipse a chord is drawn, and 
a diameter is drawn parallel to the chord. Find the locus of 
the point where this diameter meets the tangent at the variable 
extremity of the chord. 

52. Find the condition that the line Ax + By + C may 
touch the ellipse (see Art. 128). 

53. Find the condition that the line joining the points 
xtfj oirj may touch the ellipse, and hence prove that the equation 
to the two tangents from oifj is 

V [x - o^r + «' (y - y')" - (^' -y^r. 

54. A right-angled triangle having its right angle at a 
given point is inscribed in an ellipse. Prove that the hypothe- 
nuse meets the normal at the right angle in a fixed point 
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CHAPTER X. 



THE HYPERBOLA. 



142. We return to the equation 

{x-pY + j^^^a? (1) (Art 118), 
and now take the case in whicli e> 1. The curve is the hyper- 
bola. In (1) make y=0: then a =-2- or — ^. Thus 
^ ' ^ 6+1 c— 1 




« P 



if A^A be the points where the curve meets ES^ EA = -^ 
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and jEJ4'=— ^, A^ A' lying on opposite sides of M Also 

AA' = :^ , and if C be the middle point of AA', AC= -P- 

and j&(7= i (£4' - jE4) = ^^^ = :^. 

AJao BG^\{8A->r8Al)=\{fi,AEAri.Air)^t.A0. 
ThMBCS.OH^GA'. 

Again, in (1) make a? = — EC or — t^ : then y*cs — ^£-. 

Thus the curve does not meet in real points an ordinate through 
C. But it is convenient to take B and Jff in this ordinate such 

that CB^GB = \/4^ = C4 . -/TTi. The semi-latns rectum 

JSG* 

is ep or-4C(l — «■) or-j^ . 

143. For anj value of y tHe semi-smn of the yalnes of x is 

the constant — -j^r- Thus the line a? = — ^^ , or jSiy di- 

vides the curve symmetrically. In EG produced take J5', ff^ such 
that CE'==: GE and G8'^ G8, and draw E'N parallel to CB. 
Then 8 and jS'^ are a focus and directrix by means of which 
the curve could have been described, and if -P be any point on 
the curve and PNN' a parallel to AA' meeting the directrices in 

SP^ePN and ST^ePIT. 

The lines AA'j Bff are the transverse and conjugate axes 
of the curve. The points (7, Ay A* are the centre and vertices^ 
Every chord through G is bisected at 0. 

Let AA' = 2a, BB = 2J. Then 
a* = 5«(e«-l), GS^ae, GE^-, 5i = - = a(c*-l). 
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144. Writing x — t^t for x we obtain for the equation to 
the curve referred to the centre, 

«• (e* -1) -3^ = «• («•-!), 

- ?-^=l W. 

When a? <cfyf^ is negative. Thus the curve has no real 
point between the lines x = ayX^''a. When x is infinite, 
Ek> is y. Thus the curve consists of two infinite branches. 

The polar form of (1) is 

1 cos'g sin'tf 

When tan*tf exceeds -^, ^ is negative. Thus the lines 

tan^«=±-,or v=±~a:, or — •— ti = ^, enclose the curve. 
a ^ a a 

These lines are the diagonals of the parallelogram formed bj 
drawing parallels to the axes through -4, A\ jB, B. They are 
caUed'o^^iTipto^ of the curve. 

145. Let Pif be the y of any point xy on the curve. Then 
the equation ^-^, = 1 asserts that -Jm^^^m'^A^' 

Also 8P^e.ME^e{GM-'GE)^ex-a, 

S'P= e .ME'^ e {CM+ CE') ^ex + a. 

The difierence of the focal distances of any point on the curve 
is the constant 2a« 

146. There is no restriction as to the relative magnitude of 
a an'd (. For, as the curve can have any eccentricity fix)m 

1 to cc , 6* — 1 or "5 can have any positive value. 
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When e = V2, a^b, and the asymptotes are at right angles. 
This iijperbola is called equilateral or rectangular^ Its equation 
is 0!* — y* 



a 




147. Let jB, JB' be called /a&6 vertices of the cnrve*. Then 
the hyperbola whose real vertices are By B and* false vertices 
Ay A has the same asymptotes as the first hyperbola, for they 
are derived from the same rectangle. Each hyperbola has the 
real and false vertices of the other for its own false and real 
vertices. The curves are called conjugate hyperbola. 

Let P be any point on the new cnrve. Draw PM perpen- 
dicular to CB. Then 

GM^ PiP 

That is, the equation to the new curve is 

b' a'~ ' 
and it is derired from the eqaation 

by changing a\ 6* to - a\ — k\ ox by changing the 1 into - 1. 

* The true yeriiees on the oonjugate axes an imaguiMy, being the pointi 

(0,6^/^). (0,-6^-1). 



136 THE HYPERBOLA. 

148. The equation to the tangent at xy' is 

The equation to the normal is 

cfx Vv 

^+7-' ^'^- 

Other forms of (1) and (2) are 

y^mx±JcM^^ (3), 

y^mx± . (4). 

All these results can be obtained from Arts. 124, 125 b^ 
writing — V for b\ 

149. As in Art. 126, 




CM.CT^a\ CN.Ct = b\ Ca^e\CM, CQ'^^.CN. 

Also 80 = e'a? — ae =s e . SP, 

and S'G = ^x-^ae^e.8'P. 

Thei:efore (Euclid vi.a) the normal bisects the external angle 
between the focal distances. The tangent bisects the internal 
angle. 
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The locus of the foot of the perpendicular from the focus 
on the tangent is the circle described on AA' as diameter. 

150. Corresponding to the formula 

p^ = a* cos" a + V sin* a 
of Art. 128 we have 

p^ = a* cos' a — y sin' a. 
The perpendicular vanishes, or the tangent passes through 
the centre, when tan* « = p • The equation to the tangent is 

then y = — cot a • 0? or y = If - ,x. That is, the asymptotes are 

two tangents drawn from the centre. The chord of contact is 
the line at infinity, and the centre is the pole of the line 
at infinity. 

In the ellipse and hyperbola p is always finite. 

In the parabola the focal perpendicular is sTc^^ and when r is 

infinite, so is *Jar. Thus every, parabola Umches the line at in^ 
finity^ 

The radius of the director-circle is Va' — J*. The radius of 

the director-circle of the conjugate hyperbola is Vi' — a*. Of 
the two circles one is imaginary, except in the rectangular 
hyperbola, when both are reduced to a point-circle at C. The 

circle with centre G and radius Va* ~ 6' is always the director- 
circle of one of the curves. 

151. If a point lie within (or on the concave side of) the 
curve, its *-5 — ?g— 1 is positive, for this is the case at a point 

within the curve on the axis of a?. Similarly the -5—^—1 of 

any point outside (or on the convex side of) the curve is 
negative. (Of. Arts. 56, 95.) 

It follows that two tangents can be drawn from an external 
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point a/y, the equation for detennining the a? of a point of con- 
tact being 

The product of the two values of a; is positive or negative 
with 

a 
That is, the tangents firom x'y* are drawn to the same or dif- 
ferent branches of the curve according as x'y' lies or does not lie 
in the same angle of the asymptotes as the curve. 

The chord of contact^ or the polar of the point x'j/y has for 
its equation, 

Arts. 87 — 90, 92, 100, 101 may be slightly modified so as to suit 
the hyperbola. 

152. Art. 131, when h^ is changed to —2^, applies to the 
hyperbola. Thus the diameter conjugate to 

X y . Ix _my 

and the condition that the directions (Z, m), (f, m') may be con- 
jugate is 

II tntn ^ 

—J — 55— — v. 

a 
Hence conjugate diameters of a hyperbola are also conjugate 
diameters of the conjugate hyperbola. 

Let the diameter conjugate to PP* meet the conjugate 
hyperbola in 2), iX. Then the tangents at PP' are parallel to 
DD' (cf. Art. 83), and, as PP' is conjugate to 1)1/ in the 
conjugate hyperbola, the tangents to that curve at D, If are 
parallel to PP\ 

The diameters y — mx^ y^m'x are conjugate if mm's-^ . 
If m be numerically less than - , m' is numerically greater than 
- . That is, of two conjugate diameters one meets the hyperbola, 
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and the other the conjugate hyperbola. Art. 133 needs no 
alteration except in the figure. 

153. If xy' be the extremity of any diameter and oi^jf* an 
extremity of the conjugate so that ic"y" lies on the conjugate 
hyperbola, then, since the lines 






are conjugate, 



Thus 



X y 



'y 



X _ y 



X y 



II 



XX 



.1 .yi 



a 



c yy _ft 



or. 









a 



154. The difference of the sqiiaies of two semi-conjugate 
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duuneten IB the ooiistaatii^'-'i^,andtheaieaof thepanUelograoi 
formed hy tugentt at their extiemitieB is the constant 4db. 

In the equilateral hyperbola o^- S* = and therefore all pairs 
of conjugate diameters are pairs of equal diameters, equallj in- 
clined to either asymptote. 



155. The notation of Art 138 being adopted, the results 



hold for the hyperbola. 



156. The equation to the hyperbola referred to CPj CD 
as axes, the lengths of CPj CD being a', h\ is 

a'" V^' ' 

Thus the expression -5 — ^ has been transformed to -^ — ^ . 

Therefore the locus of the equation -^j — ^ = is now what toaa 

the locus of -s — ^ = 0, that is, the asymptotes. Thus the asymp- 
totes are the diagonals of the parallelogram in Art. 154, and the 
line PD is, by geometry, parallel to one asymptote and bisected 
by the other. (This line has not been drawn in the figure.) 

The polar of ody' is now -if — ^ =1> and the directions (Z, wi), 

Cb 

{I'm!) are conjugate if — , — ^75- = 0. The reader will easily 

prove that tangents at the extremities of any chord meet in the 
conjugate diameter. 
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157. To find ^ equation to the hyperbola reforred to the 
{isymptotes as axes. 

Y 




Let P be any point on the curve, a?, y its co-ordinates Cif, 
MP with reference to the axes of figare, x'j y' its co-ordinates 
CM', M*P with reference to the asymptotes, and let 2a be the 
angle between the asymptotes. 

Then ar= Cilf= projection of the broken line CM'Pon OX 

= («' + y') cos a, 
and y = PM— projection of the broken line CM'P on OY 

= (y ' — a?') sin a. 



Thus the equation Ti —^ = 1 becomes 

(x' + yT cos* g {x' -yQ* sin' a , 

m V t (xx^OL sin' a 1 

or, smce tan" a = -s , so that — 5- = ,^ = a . 1^ 1 1 

or, accents suppressed, xy = — j — . 



a* 6' 



1, or ay=\. 
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158. This equation can be arrired at in another way. 

of if 
For the equation ^ "" h = 0, which represents the asymptotes 

in the old system, is "by hypothesis to become ocy^^. 

Thus the expresnon —s *~ ^ ^^ ^ transformed to something 
varying as xy; say ^ ; and the equation ::! — ^ = 1 will become 

Now the ay of the point A is readily proved to be — j — . 
Thus \= — - — , and the new equation is 

The new equation to the conjugate hyperbola is ay ^ — . 

159. .Thus the equation xy^<? represents a hyperbola^ re- 
ferred to its asymptotes. By varying c we get a systen^ of 
different hyperbolas having the same asymptotes and lying in 
the same angles of the asymptotes. A particular case is that ' 
in which o =» 0. The curve is then reduced to the two axes. 

160. To find the equation to the tangent ai any point of the 
curve xy = c*. 

The chord joining xy* and x"y* [since x'y —al'y' ^0^ so 
that x' [y' - y") +y" {x' - x") = 0] has for its equation 

^' y" ■" 

which becomes, when the points coincide, 

xy + yx* - 2a?y = 0, 
or ay' + yfl?' = 2c* (1). 
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Thifl can also be obtained by the method of Art. 100. 

The intercepts of the tangent are — r-> —r , or 2a;', 2y'. Thus 

the portion of the tangent included between the axes is bisected 
at the point of contact. This is evident also from geometry (see 
Art. 156). 

161. The polar equation - = 1 + 6 cos is the same for all 

conic sections. In the case of the hyperbola Z = a (e* — 1). 

Through 8 draw lines R^R^Jt^ parallel to the asymptotes. 
These intersect the asymptotes, and therefore the curve, at in- 
finity. And, as a straight line can meet a conic in only two 
points, each of these lines meets the curve in only one point at a 
finite distance. 

Let 6 J which is measured from SA towards 8R^ change from 
o to 27r. Then, since the extreme points of an asyiiq>tote are 
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consecatiye points on the corre, the four qoadiants of the curve 
will be described in the order indicated by the figures 1, 3, 3, 4 in 
the fignre, and in the direction indicated bj the arrows. Thus if 
Qi9 Qi be the points at a JinUe distance where Bfi^j ^i^% meet 
the conrCy the Tectorial angles of these points are respectively^ 
ABQ^ and 2ir — A8Q^ ; and those of the corresponding points Q^^ 
Q^, in the quadrants 2, 3, are tf — A8Q^ and v + ASQ^. The radii 
vectores of all points on the farther branch from 8 are negative. 

162. To find the 'polar equation to the chard joining the points 
0aBa + /9; & = a — /9, on the conic - = l-^ecoQ0. (1). 

By giving the right values to A^ B the equation 

l=^AcoB(0^B) (2) 

can be made to represent any straight line. 

Suppose for a moment that the equation to the chord were to 
be determined in the form (2). We should combine (1) and (2), 
and eliminating r, give to A and B such values that the equation 
in might be satisfied hj a + fi and a — /8. But to fSsicilitate 
the combination with (1) we shall assume for the equation to the 
chord the form 

-^AcoB{0-B) + ecoB0 (3), 

which is equally general with (2). The elimination of r from 
(1) and (3) gives 

Aco&{0-B)=^l. 
Therefore uicos(a + i8-5)«:l«^cos(a-/8-5) ... (3). 

These conditions are satisfied if a + /8 — 5=s — (a— /8— jB) 
(or B^a) and A =» sec fi. 

The equation to the chord is therefore 

I 

- = sec /8 cos (5 — a) +6 cos 5 (4). 
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Bj making /9 == we deduce the equation to the tangent at 

the point 5= a, viz. 

I 

- =cos (5 — a) + ccos^» 

163. K2T, TQ be two tangents to a conic, then TS wSi 
bisect the angle PSQ^ except TP^ TQ be drawn to different 
branches of a hyperbola, in which case T8 bisects the sup^ 
plemental angle. 





For let a, /8 be the vectorial angles of P, Q. Then the equa* 
tions to rP, 2^^ are 



I I 

- = cos(5-a)+ecos^, - = cos(^-/8) + flcosft 



r 
T. G. 



10 
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CSombiiiiiig these eqtiations we have, at the point T^ 
Therefore tf-a = )8-d (or 27r+i8-^; 

that is, 8T hiacctfl the angle P8Q, with the exception stated 
above. 

164. Again the lines BT, S'T are equally inclined to the 
tangents. 

For draw 82f^ 8Y, 8Z'^ ST perpendicular to the tangents. 

T 




Then 8Z . 8Z= B(P^8Y. 8 T. 

Ti, 8Z_8r 

inus gY" s'Z' • 

Let each ratio = A?, then if the lines 2!P, TQ be denoted by 
a and )3, the equations to T8^ T8 will be 

which represent lines equally inclined to 2!P, TQ. 

165. The parabola is the connecting link between the 
ellipse and hyperbola, being an extreme case of eiEwh curve. If 
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the focus and the nearer vertex of an ellipse or hyperbola be 
fixed (so that a(l'^e) is given), while e is made to approach 1, 
the centre and farther focns and vertex move off to infinity (for 
a becomes infinite). And the semilatus-rectum a (1 - e") becomes 
2a {I'^e); and the equation to the curve referred to the vertex, 



or 

becomes 

or 



y» = (l'-«») (2aaj + A 
y* ~ latus rectum x x. 



166. If the curve in Art, 164 be a parabola with focus 8y 
T8* is parallel to the axis. It can of course in this case be 




proved independently of Art, 164, that the angles PT8, QT8' 
are equal. 



Examples on Chapter X, 



1, Find the equation to the hyperbola which has the origin 
for focus and the line a? — 5y + 3 for directrix, the eccentricity 
being 2. 

10—2 
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2, Tind the eccentricily and the lengths of the axes of the 

cnrve 

(a:-2)»+(y+l)*=3(x-y)*. 

3. What are the eccentricities of the curves 

4« Find the centre and the lengths of the axes of the cnrve 

5a?-2^ + a?-7y=0. 

5. Given the base and the difference of the sides of a tri- 
angle, find in the simplest form the equation to the locus of the 
vertex. 

6. In any hyperbola if SB be a perpendicular to an asymp- 
tote, CB^GA. 

7. The distance, measured parallel to an asymytote, of any 
point on the curve &om a directrix is equal to the distance from 
the corresponding focus. 

8» Give a practical method of describing a hyperbola. 

9. K 6, 6' be eccentricities of two conjugate hyperbolas, 

10. Find the equation .to the hyperbola which is- conjugate 
to a?''f + Ax + By+G=:0. 

11. In the rectangular hyperbola PG = PG'. 

12. PQ is any chord perpendicular to a fixed diameter AB 
of a given circle. Find the locus of the intersection of AP, 
BQ. 

13. Also, assuming that the locus is a conic section, find 
a priori its transverse axis and eccentricity. 
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14. Find the condition that the line Ax + By+C may 
touch the hyperbola 

-^ - ^ - 1- (Art. 150.) 

15. Find the condition that the line joining asy, xjf may 
touch the curve, and deduce the equation to the two tangents 
from aj'y, viz. 

16. Is the point (— 3, 5) on the convex or on the concave 
side of the hyperbola 

17. The polars of the same point with respect to two con- 
jugate hyperbolas are parallel. 

18. A point moves so that its polars with respect to two 
conjugate hyperbolas are a constant distance apart. Prove that 
the locus of this point is an ellipse, whose shape and position ar^ 
independent of the constant distance. 

19. Find by transformation of co-ordinates the equation to 
the hyperbola referred to two conjugate diameters. 

20. The asymptotes and a pair of conjugate diameters form 
a harmonic pencil. 

21. Are the asymptotes a pair of conjugate diameters? 

22. Find the equation to the normal at any point of the 

curve 

xy^<? (©). 

23. Express in polar co-ordinates the equations to the tan- 
gent and normal at any point of the curve 

r^ sin 26 = a\ 

24. Perpendiculars are drawn from the pole to the tangents 
of the curve r^ cos 25 = a*. Prove that the locus of the intersec- 
tions is the curve 

r'=a'cos25. 
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25. Draw the curve r^=3a'cos2d, and prove that it cuts 
itself at right angles. 

26. Find the ratio in which the line joining xy^ xy is 
divided by the curve xy — (?y and hence prove that the equation 
to the two tangents from x'y* is 

(ay' + «> - 2c^'= 4 {xy-f?) (aj'y' -c^. 

27. A chord PQ meets the asymptotes in P Q. Prove that 
PP^QQ. 

28. A line meets the curves xy ^(?yXy=^ c'* in P, Q\ P*, Q. 
Prove that PP'^C^. 

29. A right-angled triangle is inscribed in a rectangular 
hyperbola. Prove that the hypothenuse is parallel to the nor- 
mal at the right angle. 

30. K a rectangular hyperbola circumscribe a triangle, it 
passes through the orthocentre. 

31. If rP, TQ be tangents from Tand PQ meet adirectrix 
in Zj then TZ subtends a right angle at the focus. 

32. Find the foci of the curve 

xy^<? (©). 

33. Given the foci, to what form does the hyperbola tend 
as the eccentricity diminishes ? 

34. Given the points A^ A'y to what form does the curve 
tend as the eccentricity diminishes ? 

35. Given the centre and directrices, to what form does the 
curve tend as the eccentricity diminishes ? 

36. Prove geometrically the diametral properties of a recti- 
linear hyperbola, and give a geometrical construction for drawing 
the polar of a given point. 

Where are the foci and directrices of a rectilinear hyperbola ? 
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37. Tangents are drawn to a conic section from any point 
of a fixed circle through the foci. Prove that the line bisecting 
the angle between the tangents passes through a fixed point. 

38. From the equation 

deduce the equation to the normal to the parabola. 

39. The semilatus-rectum of any conic section is a harmonic 
mean between the segments of any focal chord. 

40. The segments of any focal chord of a conic section sub- 
tend equal angles at the foot of the directrix. 

41. If one focus of a rectangular hyperbola be the point 

m OS t/ 

(a, h) and the corresponding directrix the line ~ + ^ — 1, then at 

the other focus 

a? _ y ^ 1 

42. A circle intercepts chords of given length firom two 
given straight lines. Find the locus of its centre. 

43. Giveu two conjugate hyperbolas, find the locus of the 
pole, with respect to one, of any tangent to the other. 

44. Point out among the examples given on the ellipse 
(Chapter ix.) those which can be adapted to the hyperbola. 
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167. We have seen that the equation to every conic section 
is of the second degree, and therefore included in the general 
form of the equation of the second degree 

a«* + *y' + o + 2a'y + 2&'a: + 2c'a:y = (1). 

We shall now prove that every curve whose equation Is of 
the form (1) is a conic section, whatever be the inclination of 
the co-ordinate axes to which (1) refers. 

The peculiar arrangement of terms and coefficients in (1) is 
adopted in order to ensure symmetry when a third symbol z is 
introduced, so as to make the equation take the homogeneous 
form 

fla^ + Jy* + c»" + 2a'y« + 2y ^a? + 2c'i»y = (2). 

The quantity z is variable only in form, being unity: it may 
be looked upon as a third co-ordinate of the point xy. Thus, 
the points ocyz^ x*j/z' are the points xy^ x*y\ 

.We shall denote the left-hand sides of (1) and (2) by <f> {x, y) 
and/(aj, y, «). 

When the origin is transferred to x'y'z* without changing the 
direction of the axes, (1) and (2) become 

Now f{x + x\ y+y\z + «') =/(aj, y, z) +f[x\ y\ z') + an 
expression which may be written in two ways, viz. 

2a?(aa?' + cy + JV)+2y {c'x +hy' + a'z) + 2z{Vx' +ay' +.cz) (a), 
'ix {ax + cy + V) + 2y' [ex + hy + dz) + 2z' {b'x + ay + cz) {/8) . 
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If in either of the expressions (a), (J3) we interchange x and 
x\ y and y\ and z and z\ we obtain the other expression. 

Of course we obtain ^ (a; + a?', y + y) from f{x + a?', y + y', 
« 4- z') by making « and z equal to I. 

The terms of highest dimensions in (1) are not altered by 
merely transferring the origin. This is the case with all rational 
and integral algebraic equations. 

168. The general equation <f> (x, y) = represents a conic 
section* . 

I. Let the terms of highest dimensions oa;' + Jy'.+ 2c'ay 
form a perfect square {fx + gy)*. 

Then ^ {xy) = {fx + gyY + 2b'x + 2c y + c. 

If the lines ^ + ^y, 2b' x + 2c* y + c be not parallel, let them 
be made respectively the axes of x and y. Then^ +yy, varying 
as the distance of the point ay from the line^ ^-^^y, becomes an 
expression varying as y, and 2h'x + 2c y + c becomes in like man* 
ner an expression varying as x. Thus the equation is reduced to 

y* = Xa;, 
\ being some constant, and this represents a parabola referred 
to a diameter and tangent. 

Thus {Jx + gyY + 2Vx + 2a!y-\-c = (1) 

represents a parabola to which the line 2Vx + 2a' y + o is a tan- 
gent, /a? +yy being the corresponding diameter. 

If the lines /c + yy, 21' x + 2a'y + c be parallel, (1) represents 
two parallel lines. These are a parabola whose axis is a parallel 
midway between the lines, and whose focus and directrix are at 
infinity. (See Chap. viil. Ex. 32.) 

Thus, if the terms of highest dimensions in ^ (a?, y) form a 
perfect square, that is, if ah — c* = 0, the locus of the equation. 
^ (ay) = is a parabola, and hy equating the perfect square to zero 
we get the direction of the aans, 

IT. Let ab — c'" be not zero. If we transfer the origin to 
x'y we get an equation in which the terms of one dimension are 

. {ax' -^-cy' + b') x+ {c'x +by' + ajy. 
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The coefficients of x and y vanish if 

, a'e'-hb' , , h'e'-aa' 

Let X, y denote these values of a! and j/. Then the point xy 
is at a finite distance, and by transferring the origin to xy the 
equation becomes 

aa^ + &y'+ 2c'a?y + ^ (iy) = 0, 
Qr, if h denote — ^ (Sy), 

a3f + lf + 2c'xy^h (2). 

If a5 — c'* be negative, the left-hand side resolves into two 
linear factors Ax -k-By^ Cx + Dy. 

. Let the lines Ax + By^ Cx + Dy, which intersect, be made 
axes, then {2) becomes xy= s^ constant, which represents a 
hyperbola referred to its asymptotes. 

Thus (2) represents a hyperbola of which the lines 

aa?+by^+2cxy^0 (3) 

are the asymptotes, and, if oi — c" be negative, or, if the terms of 
highest dimensions break up into factors, then ^ {xy) = repre- 
sents a hyperbola whose asymptotes are parallel to the lines to 
which the factors correspond. In other words, the directions of 
points at infinity are found by equating to zero the terms of highest 
dimensions. 

If o> be the inclination of the co-ordinate axes, the lines 

{/ («* — y") + (J — a)a:|y = C08a) (oa? — Jy*) (4) 

bisect the angles between the lines (3). (Cf. Art. 58 or 190.) 
They are therefore the axes of figure of the hyperbola (2). By 
making them co-ordinate axes (2) can be reduced to the form 

Ea?-\-Fy'^h (5), 

E and F having opposite signs. For (5) is the form of equation 
to a hyperbola referred to its axes of figure. 

Again, if ab — c" be positive, the lines (3) are imaginary, but 
the lines (4) are still real and may be made co-ordinate axes. 
(For the condition of reality is 

(i — a)' + 4c'" + 4aJ cos'o) > 4 (a + 6) c' cos ©, 
or (J — a)' (cos" a> + sin"®) + 4c " + 4aJ cos" © > 4 (a + J) c' cos"®, 
or { ( J + a) cos ® - 2c'}" + (ft - a)" sin" ® > 0). 
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Then aa" + %• + 2o'»y will still become -251^ + jPy*, because, 
though the values of JE and F be altered by altering those of 
^9 ^t c', yet their farms remain the same. The equation (2) be- 
comes therefore 

JEbf + F^^^k 

Here E and F have the same sign, for otherwise the curve 
would be a hyperbola and the lines (3) therefore real. 

Therefore the curve is an ellipse of which the squares of the 

k k , 

semi-axes are ^, ^. If the sign of k be not the same as that 

of E and F, the eUipse is imaginary. 

The lines (3) are imaginary asymptotes of the ellipse (2). 
The lines (4) are this ellipse's axes of figure. If E=^F, and 

fi> = -, the ellipse becomes a circle. A circle is an .ellipse with 

coincident foci and infinitely small eccentricity. 

If i = o, and ai— c^be negative, (2) represents two inter- 
secting straight lines. Two such lines are a rectilinear self- 
asymptotic hyperbola. 

If A:= and a& — c" be positive, (2) represents two imaginary 
lines which, as the form-EB^ + i^ = assures us, are a point- 
ellipse. 

Thus all curves represented by the equation <f> {an/) = are 
conic sections. 

169. To find the centre of the conic ^(xy) = 0. 

Let 5, jr be the co-ordinates of the centre. Then <l> {x + x, 
y+y) has no linear terms. Hence a;, y are the values of a;, y in 
the equations 

ax + cy + i' = 0, c'x + by + a' =^ 0. 

These values are 

ac — bV b'c' — aa' 
ab-c" ' oJ-c* • 

The centre of a parabola is generally at infinity. But if 
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dd — im and Vd — ad both yanish, the centre is indetenninaie. 
In thiBcaM 

or the parabola ia rectilinear. Its centre may be supposed any- 
where in the axis. 

170. When the axes are rectangular thej are tamed through 
an angle 6 bj writing rccosd— ysind for ^, and o^sind + ycos^ 
for y. When this is done, oaf + ^dxy + i;^ is transformed to an 
expression of the same form in which the a, h^ and c' are 

a cos'0 + isin'^H- 2c' sin dcos 6^ 
a sin* tf + h cos" tf - 2c' sin dcos d, 
and (^-"«) sintf cos^+c' (cos'tf — sin"^, 

or -— - + — ^— oos2^ + c sm2d, 

— ;r ^— cos 2^ — c sin 2^, 

and — r- sill 2d + c cos 2d. 

2 

Thus the values of a+b and ab— c" are not altered hy turning 
the axes. On this account a + & and db — c" are called invariants. 

2c' 
Again, if we so choose that tan 2d = ^9 we transform 

oas^ + &y*+ 2c'a?y to the form -ESc' + jpy. The innumerable values 

of differ by tnultiples of - . 

Another invariant in' the transformation of ^ (xy) by turning 
the axes is a" + i", for b'x + a'y becomes 

(y cos + d sin d) a5+ (a' cos d - J' sin d) y. 

171. To find the lengths of the axes of the conic 

ax* + by* + 2c'xy = k, 
the ochordinate axes being rectangular. 



GENERAL PROPOSITIONS. 157 

.The given equation can be transformed to aa? + fi^,=^ly 
a and fi being the reciprocals of the squares of the semi-axes. 
(In the case of the hyperbola either a or )3 is negative.) 

Thus 

jfe^ + fe^^ + T^ (1), 
may be transformed to aa? + fii^ (2) by turning. 

The a + b and oJ — c " of (1) are — r— and — p — , and those 
of (2) are a + )3 and afi. 

Therefore a + )8 = — r— and afi = — p — , and thus a, )3 are 
roots of the equation 

The equation to the axes is (Art. 167) 

172. The asymptotes of ^ {ay) = are parallel to 

aa^-^h^ + ^c'anf^O .....(1). 

Therefore if be one of the angles between them, 

2Vc'»-aJ 



tand = ± 



o + i 



Let be that angle in which the curve lies ; then, fix>m 
g 
Geometry, sec 5 = 6. Thus 

^'0 

2V?^^r^ ^^2 _ 2V?31 

It will be found that if a denote r — i — > 

V 

6*-/i«»+ii* = ..(2), 
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Since /i* — 4/i, being y V2_ Li [^'^ + (a — b)*] is positive,. 

both values of e" are real But if ab > c", fi is negative and 
therefore only one value of c" is positive. Thus if <f> {xy) = be 
an ellipse, we can find the eccentricity from (2). K oS < c", that 
equation is not sufficient The curve is a hyperbola^ and the 
mere directions of the asymptotes are not sufficient to determine 
in which angle of the asymptotes the curve is situated 
The condition for a rectangular hyperbola is a + & == 0. 

173, The curves obtained by varying k in 

ax* + Zy * + 2c xy = k 

have the same centre and asymptotes. Those for which k 
is positive lie in different compartments from those for which 
h is negative. For the oof + iy* + 2c xy of any point on one 
curve has a different sign from the aa? + ^ + 2c' xy of any point 
on the other curve. That is, the curves are parted by the 
asymptotes (see Art. 177). 

The asymptotes of [Ax + By-\- O) {Dx-{-Ey + jF) = <? are the 
Unes Ax + By+C^ Dx -\-Ey-\-F^ and the conjugate hyperbola 
is {Ax + By + O) {Dx + I^-\-F)=:-- Gy since the transformation 
which reduces one equation ix> xy = h reduces the other to 
ajy = — A. 

Thus aa? + b^ + 2c xy = ± A: are conjugate curves. 

174. All the conies obtained by varying a\ V and c in 
^ (ay) = have their asymptotes parallel. Those obtained by 
varying only c are concentric and have the same asymptotes. 
Thus 

^y) = constant 
is concentric and co-asymptotic with {piy) = 0, and only one such 
curve can be drawn through a given point a?y', viz. 

Let ay be the centre of ^ (ajy) =0. Then ^ (ay) = (Sy) (1) 
must be the asymptotes. 

If in the expressions (a) or {fi) of Art 167, we write a?, y, z 
for a?', y', 2j',.the result is 2f{xyz). 
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Thus f(xyz) = z {Vx + a'y + c5), 
'and ^ (5y) =i'^+o'y + c 

= -^ ^_ ,i + c by Art 169. 

Thus (1) may be written 
aaf+hf-\-2ay-\-2Vx-¥2cxy-V ^^-r j^ =0. 

175, If through any point there he draton two lines infixed 
directions to meet a conic section^ the rectangles under the segments 
of the lines are in a constant ratio, 

(This Theorem includes Euclid III. 35, 36.) 

Let any position of the two lines be made co-ordinate axes, 
and let 

«»'+ V + <5 + 2a y + 2 J'a? + 2c'a?y = 
be the equation to the curve. The rectangle of the intercepts 

T 




6 

on the axis of x ifiT, by the Theory of Quadratic Equations, - , 

and similarly t^ is the rectangle of the intercepts on the axis of y. 

The rectangles are in the ratio - , which, 4s a and b do not 
change except with the direction of the axes, is invariable. 
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Ex. Let QV(i be a doable ordinate to the diameter PP in 
an ellipse, and let DCU be the diameter conjugate to PP. Then 

VQ.VQ CD.GD' ' QV* _Ciy 
VP. VF~ CP. GP **' PV.P'V GP'' 

Ag^n, let TD, TW be tangents parallel to the central radii 
CP, GB. Then 

CF'T^ GP_TD 
GB?~ TR **' GB~ TR- 

It follows also from this theorem, that if a pair of straight 
lines contain the four common points of a circle and any conic 
section, the straight lines are equally inclined to fhe axes of the 
curve, for the parallel central radii are equal. 

By making two of the points move to coincidence with a third, 
we see that the common chord of the conic and the circle of 
curvature at any point makes the same angles with the axes as 
the tangent at the point where the circle of curvature is drawn. 

176. The equation for determining the length r of a line 
drawn from a given point xy in direction [Z, m\ to meet the 
conic if> {xy) = is 

r" (a? + J»»' + 2c7m) + 2r{Z(aa?' + cy + 60 + m (cV + iy' +a')} 

+<A(a^y)=o (1). 

Thus the diameter conjugate to the direction (Z, m) is the line 
I {ax^c'y-\-V)-\-m (c'a?+ hy-\-a') 
which passes through the intersection of the lines 

r 

ax-\-cy-\- J, c*x-\-hy-\-a\ 
that is, through the centre. 
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It- the centre be origin, the equation to the diametei: maj be 
written in two ways: 

I {ax + tj'y) + m {c'x + by) =*0, 

or x{€d+ e'm) +y (c7h- bm) = 0. 

The condition that the directions {Im), {Vm') may be con- 
jugate is . 

^'-{-bmm + c' (Im + Im) =0, ; 

and is the same for all curves which have the saane asymptotic 
directions. 



177. The product of the values of r in equation (1) of 
Art 176 is 



al*-hbm^ + 2clm' 

Thus the <l> [xy) of any point P varies as the rectangle of the 
segments of a line. PjQQf. drawn through P in a given direction 
to meet the curve. 




The ^ {xy) of a point changes sign as the point x^rosses the 
curve, for when the point is without the curve the segments are 
measured in the same direction, and their rectangle is positive, 
but when the point is within the curve, the segments are measured 
in opposite directions and their rectangle is negative. . 

If oZ* + bnt? + 2clm be positive, the ^xy) of all points without 
the curve is positive. 

A point is within or without the curve according as ^ {xy) 
has or has not the same sign as ^^y). 

T. G. 11 
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Arta. 175 and 177 are partictilar cases of theorems which 
hold for all cnryee that are represented bj rational and integnd 
algebraic equations. 



Similar Curves. 

1 78. Bj magnifying or diminiBhing the radii vectored of 
any curve in a constant ratio we get another curve of the same 
shape, or similar to the given curve. Moreover the two curves 
are similarly placed: corresponding chords, for instance, are 
parallel. If the radii of the derived curve be backward pro- 
ductions of those of the given curve, the curves are still similar 
and have corresponding chords parallel, but differ in position hy 
two right angles. The origin, or point whence the radii are 
drawn, is a centre of direct similitude in the first case, and of 
inverse similitude in the second. 

Thus the curves 

- = l+ecofltf (1), 

r 

- = l + 6cosd (2), 

are similar and similarly placed and their common focus is a 
centre of direct similitude. The curves 

- *« 1+ « cos (9, 

- = 1+ e cos (tf -* a) 

axe similar, but differ in position by an angle a. The curve 

- = 1 — e cos ^, 
r 

is similar to (1) and similarly placed, and the common focus 
is a centre of inverse similitude. 
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If two conies of the same eccentricity be applied together so 
as to have a common focus and the same direction of transverse 
axes, their equations can be exhibited in the forms (1), (2)» 
Therefore the curves are similar, and conversely similar conies 
have the same eccentricity. 

All parabolas are similar curves* 

All similar and similarly placed conies must have virtually 
the same highest terms in their Cartesian equations, since their 
asymptotes are in the same directions. 

But if <l>i{xy) denote 

ooP + Jy* + Cj + 2a/y + 9\'x + 2c ajy, 

it is not neeessarily true that the curves ^, ^^ are similar. For 
their equations referred to their centres o^, x^y^ are 

a** + &y* + 2c' xy = — ^ (xy) , 

and if oft < o'\ it is not certain, unless the signs of ^ (^y), <f>i (£, y) 
be known, in which angles of their asymptotes the curves lie. 

The curves ^ {xy) = 0, ^, {osy) = are similar except ^ (5y), 
<l> Qc^ y^ have opposite signs, and th^n their eccentricities 6, e^ are 
connected by the relation 



Tanyent$f Poles and Polars, 

179. Let fi: fi he the ratio in which the line joining the 
points xyzy x'y'z' is cut by the conic f{xyz) = 0. The co-ordi- 
nates of the point of section are 

fjLx' + fix fijZ + fi'y fiz* + /i'g 

fl^fl' ' fL + fl ^ f4, + /l ^ 

11—2 
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and these satisfy the equatioB to the curve. Therefore, since 
/is homogeneousy 

The expanded form of this is 

liW + itU^IH^V^O (1), 

if Ut U* denote f{xyz)^ f^y^)% ^^'^ ^ denote either of the 
expressions (a) or (/3) in Art. 167« 

I. Let the line touch the curve. Them the two values of 
the ratio /i : fi are equal ; the condition for which is 

F» = 4I7I7' (2). 

If the point afi/z' be given, and a;, y, « be * current' co-ordi- 
nates, (2) is the equation to .the two tangents from xff'z\ 

Ex. To find the equation to the two tangents from x'y' ta 
the ellipse 

^ + 3^-1 = 

Here ^ /{ay«) = ^ + p-«'» 

and r^2(^^^f^zz). 

Therefore the equation (2) is 

II. Let the line touch the curve at x'yz'. Then both 
values oi fA X fi! are infinite, so that both XT and V vanish. 
Thus 

r=o,. : ..(3) 

is the equation to the tangent at aiyz. 

Ex. The tangent at xy' to the curve ^ {xy) = is 
[ax-^-dy'-vV) x+ (cW + Jy + a')y + iV + ay + c = 0...(4). 



GENERAL PROPOSITIONa 165 

It can be shewn (as in Art. 86) that (4) is the equation to 
the chord of contact of two tangents from oiy. 

III. Let the line joining the two points be cut harmonicallj 
by the curve. Then the values- of /i : /i' are equal and of op- 
posite sign : that is, 

F=0. 

Thus, if oij/z* be given, F= is the equation to the locus 
of the other point. The locus is therefore a straight line. 

Hence, if through a given point a radius vector be drawn to 
a conic and the harmonie mean between its two values be 
measured upon it from the given point, the locus of the ex- 
tremity of this new radius vector is a straight line. 

This straight line is called the 'polar of the given point, 
and the given pomt is- called the 'pole of the given line (see 
Art. 90). 

Ex. The polar of the origin with respect to ^ (aiy) = is, 
since Y in thi& case is 

«'(J'aj + ay + c),. 

J'a? + o'y + c = 0- (5). 

The polar form of <^ (rcy) s: ^ is 

r^ (aP + Irtt + 2c7m) + 2r (J7 + c'm) + c = 0, 
and the harmonic mean between the values of r is 



fe7 + cW 



Thus, the equation to the locus- of the extremity of the har- 
monic mean is 

r(8'Z + cm) + c=0*, 

which agrees with (5). 

180. To find the cms of tTie parabola/ 

{fx +gyf + 2a'y + 2J'a? + c = 0. 
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Th^ polat of o^y ifl 

and the directum of the axis is (Art. 168) 

fa+gy--0 (2). 

The axis is the locus of points whose polars are perpendicular 
to the axis. Thus \Sa!y lie on the axis, the lines (1)| (2) are at 
right angles, or 

The equation to the axis is therefore 

181. To find the latua rectum of the parabola 

{fa +gyy + 2J'a? + 2a'y + c =« 0. 
Let be the angle between the lines 

/p+^y, 2 J'a? + 2a'y + c, 

so that sin =» ■ , j ■ . =r , 

when these lines aie made axes of x and y, 

will become y sin 0^ and 

ib'x + 2q'y + c 
2Va'» + 6'* 
will become —a? sin tf, so that the equation will be 

^ CT + ^ sm e = 2a V^M^- 

Now, if 4a be the latus rectum, we know that another form of 
this equation is 

y' = 4a cosec' . x (Art. 114). 
Therefore 4a cosec" = ^^ .^ cosec 0, 
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and 4a-i<^*^. 

182. To find the dtrectoTHdrcle f>f(h4 eanio ^ (xy) «= 0, 

The lines 

7«-4J7jr = (1) 

are at right angles if the sum of the coefficients of a? and ^ in 
(1) vanishes. 

Now 
^{{ax' + c'y+V)x + (c'x' + h^ + a')y + ...]* 

And the sum of the coefficients of a? and y* vanishes if 

The equation to the director-circle is therefore 
(aa + cy + i7+ {c'x + by + a'Y 

« (a + J) (oaj* + 5y'+c + 2a'y + 2^3? + 2c') (2). 

In the case of the parabola, the terms of highest dimensions 
in (2) disappear, and (2) becomes the equation to the directrix, 
viz. 

25' {ax + c'y) + 2a' {c'x + hy) + a'*+ J'"=: (a + J) (c + 2a'y + 2J'a;), 

or2(a'</-JJ')» + 2(J'c'-aa')y + a''+J'*-(a + 6)c = 0...(3). 

Again, for determining the pole of a line Ax + 3^+ Owe 
have the equations 

ax + c'y+h' ^ c'x-\-by + a __ Vx-^a'y+c , . 

A B " O ^^^' 

We can therefore fiud the pole of the line (3), that is, the 
focus of the parabola. 

183. All chords of a conic section which snhtend a right 
angle at a fixed point of the curve, intersect in the normal at 
thatjKnfU. (Compare Euclid, ill. 31.) 
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The fixed point being origin; let the equation to the conic, be 
aa? + h^-\-2a'y + 2b'x+2o'xy^ 0. 

The finite intercepts on the axed^ are 

2J' 2a 

y jT • 

flf o 

The chord which joiioa the extremities of these iatercepts is 

-2_+-iU = l ...(1). 

a b ' 

The tjingent at Ijie origin is (Art 100) 

a'y + i'a5.= 0. 
The normal is therefore 

a' 6 ^ ^••'^^^• 

The lines (1) and (2) meet in the point 



k « » 



_ -2y _ -2a 
^" a + 6 ' ^""a + J* 

The distance of this point from the origin is 

2 Vi^v+J'" 
: . a+* '^ 

which does not change when the axes are turned (Art. 170) » 
The chords therefore all pass through a fixed point in the 
normal. 

184. Through Jive points, no four ofitfhich are in a strait 
line, one conic section and one only can be drawn* 

Let the axes be so chosen that two of the points* are in, one 
axis, and two of the rest in the other axis, and let these four 
points be 
: - («,a), (di',0), (0,j8), (O,/?). 

Assume for the equation to the conic 

^a;' + %'4-(7a:y4-i>a; + % + l=0 ;....(!). 
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Then, by the theory of quadratic equations, 

aa a a ' /S/ff' /S p 

Thus (1) takes the form 

|, + |,+ (7a3r-(i + ^)x-(^ + ^)y+l=0 (2). 

Let a?j yj be the fifth point. Then by writing a?^, y^ for a?, y 
in (2) we obtain a simple equation for determining (7. Thus 
one and only one conic can be drawn through the five points.. If 
the point x^ y^ be. in either axis, G is infinite, and therefore (1) 
must be a?y = 0^ representing a rectilinear hyperbola. If four of 
the points lie in a straight line, there can be drawn through the 
five points an infinite number of hyperbolas, all rectilinear. 

Cor. The equation to a conic which passes through four 
given points can always be thrown into the form (2). 

185.' If 8^0 (1) and /S' = (2) be the equations to two 
conies, then 8+\S^ = (3) denotes a conic passing through their 
four points of intersection, and by properly choosing X may be- 
made to represent any such conic, for X can be so chosen as to 

make (3) satisfied by the co-ordinates of any fifth point. 

» 

186. Hence every conic section which passes through, the 
intersections of two rectangular hyperbolas is also a rectangular 
hyperbola. For if the a-^b of 8 and the a + bof 8' both vanish, 
so does fhiB a + b of 8-^ \8\ 

187. In the triangle ABO let AL be perpendicular to BC, 
and let any rectangular hyperbola which passes through -4, B, C 
meet AL again in D. 

The lines AL, BG are a rectangular hyperbola intersecting 
the curve in A, By (7, 2). Therefore the lines £Z>, -4(7, which 
are a rectilinear hyperbola, are also a rectangular hyperbola. 
Therefore BD is at right angles to A G. Thus 
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If a rectangular hyperbola drcunucrtbe a triangle^ 6 passes 
aho through the isiersection of perpendiculars. 

188. The reader of the Differential Calculas can well appljr 
the notation of that subject to Plane Co-ordinate Geometiy. 

To begin with Art 167. Bj a well-known expansion 

*^%^ +V''^+ 

+ terms which involve higher differential co- 
efficients and therefore vanish, 

The terms of one cUmension in x, y, z are 



X 






ete'^rfi,'-^ 



(1). 



or, if/ stand iQxf{x'yz')^ 



dx' H^ dz 



(2). 



Thns the V of Art. 17S stands for either of the ezpresi^ons 
(I), (2), and the equation ito the polar of any point is found by 
equating cither of these expressions to z^ro. 
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The equations for determining the pole of a given line 

Ax + Btf-^ (3), 

as found by comparing (3) with (2), are 

£ ^ ^ 
dx dy dz 

189. Again, the equations for determining the centre of the 
conic (f) (xy) = are simply 

dx ^ dy * 

(each of which represents, therefore, a diameter). 

The ^ (^)*s of two points in the same diameter and equi- 
distant from the centre are equal (Art. 177). At the centre 
^ [xy) is a maximum or minimum. 

Also, since 2/(ajy«) = a?^+y^+«£, 

f^y^ =2 ^ (compare Art. 174). 

190. The normal at any point x'y' of ^ {xy) = is the line 

a? — a?' y — y 
dff> d<f> 

dx' 'd^ 

Let -^ (ajy) denote ixaf + 2c'a?y + J^, so that 

t(^)=* (1) 

is the general equation to a conic referred to its centre. Then 
the normal at oiy' is 

fl^r d^ 
dx' dy 



\^ 
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If this line pass through the origin of coordinates, that is, if 
the normal be one of the axes of figure, 

x' %/ 

or, x*y' lies on one of the lines 

-f-^^-o-- » = 

which, be it observed, intersect at the origin, and are therefore 
the axes of figure. 

The lines -^ [xy) = (3), 

are the asymptotes of the curve '^ [xy) = A;, and, since the axes of 
the curve bisect the- angles between the asymptotes, the equation 
(2) r^preeenta thebuectors of the angles between the lines (3). 

. 191. The eq^uation to the axis of the parabola 

{ax + by + cy-^dx + ey +/= (1), 

is, if X denote the left-hand side of (1), 

dx ay 
The equation to the direetor-circle of <]> [xy) is 

The equation to the diameter conjugate to chords in direc- 
tion (Zjw) is 

dx ay 
and, if the centre be origin, this may be also written 

oj -^ + y ^ = ft {<l> standing for <f> (&»)}. 

192. We conclude this Chapter by tracing three curves from 
their equations.. 

I. The locus of 

(aj + y~2)* = y-3a? (1) 

is a parabola touching the line y — 3a; at the point where that 
line meets the line x+y — 2 (which is a diameter) and lying on 
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the positive side of the line y — So?, since the y — 3a? of every 
point in the curve is equal to a perfect square. The equations 
for determining the intercepts on the axes are 

Thus the curve does not meet the axis of a; in real points, but 
meets the axis of ]/ at the points (0, 1), (0, 4). From these 
observations the curve can be roughly drawn, whatever be the 
inclination of the axes. 

But, to be more precise, if the axes be rectangular, the axis 
of figure is (Art. 180) the line 



a;+y-2 = --.^ 



(2), 



and tbe vertex, as we find bj combining (1) and (2), is the 
point 
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IIL The equation 

represents a hyperbola of which the asymptotes are the lines 
aj— y and aj + 2y — 8. * 




The curve lies on the positive side of one line and on the 
negative side of the other, or in the + — and — + compartments 
of the two lines. 

The equation for the intercepts on the axis of a; is 

the roots of which are imaginary. Thus the curve does not cut 
the axis of a; in real points. The equation for intercepts on the 

3 + V65 
axis of y is 2y* — 3y — 7 = 0, the roots of which are -^-j — . 



The curve can now be roughly drawn : but if greater accu- 
racy be required the ^ reciprocals of the squares of the semi-a^es 
may be found from the equation 

^"■"^^"lle^"^ (Art. 171). _ 
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Examples on Chafteb XI. 

1. Find an equation to the parabola (aj + y — 8)*= 2x — y, 
referred to the lines a;+y — 3, 2a; — yas axes. 

2. Find the equation to the parabola which passes through 
the point (A, k)y touches the line a; =y at the origin, and has the 
axis of y for a diameter (a>). 

3. Find the equation to the curve a?*— y* — 3a?y + iD=sO, 
referred to its centre. What is the eccentricity of this curve? 

4. Determine to what classes of conic sections the following 
curves belong : 

(2) of - Bxif + y* = 9a; - 7y. 

(3) a;" + a:y + 3 = 0. 

5. All conies obtained by varying m in the equation 

a;' + ina!y + y"=l 
have their axes coincident (lu). 

6. Find the angle through which the axes must be turned 
in order that 

a;" — 5ay+6y* 
may take the form 

and reduce the equation 

a?- 5ajy + 6y*- 4a; — 2y = 5 
to the form 






T.G. 
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7. Find the lengths of the axes of the curves 

8. Prove that the length of an equi-conjugate radins vector 
in the ellipse 

aB» + 6y*+2c'ay = ft is V g^^t j«) > 

and hence prove that the equation to the equi-conjugate diameters 
is (a + 6) (oo^ + V + "^^^^y) = 2 (oJ - c'") (ai* + /) . 

9* Find the equation to the common diameters of the conic 

oa^ + &y* + 2c'a?y = 1, 
and the circle X (a^ +^ = 1, 

and deduce the condition that the curves may touch. 

Hence find the lengths of the semi-axes of the conic and the 
equation to the axes. 



10. 


The conies 






^as" + jy + 2 (T'ay + . . . = 


= 0, 




<w^ + *y* + 2c'a!y + ... = 


= 0, 


have their axes parallel if 






A-B a-h 






6" ~ c' • 





11. Find the eccentricities of 

Saj" + 3y* - 2ay + a? - 3y = 0, 

(aj-y)aj=2, 

and find the equation to a rectangular hyperbola which touches 
the axis of x at the point (1, 0), and the line x^y 9X the point 

(1, 1). 
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12. Determine X and X so that 

{Ax + Btf + \) {A'x + By + X) 
may differ by a constant from 

{Ax + Bff){A'x-^By)^Cx'\'Dy, 
and hence find the asymptotes of 

{Ax + By) {A'x + By) + Cx + Dy + E=0. 

13. Find the asymptotes of 

(a? -y) (a? + 3^) + 4a; - y = 6. 

14. What is represented by the equation 

{Ax + By-h Gy+{A'x + By+ Cy^I^? 

15. Determine fi so that <f> (xy) + fi may break up into two 
linear factors, and hence find the asymptotes of the conic 

^{ocy) = 0. 

16. If TP, TQ be two tangents to a parabola whose focus 
isiS, TP^: TQ':: SP: 8Q. 

17. If a conic touch three straight lines BC, GA, AB in 
L, Jf, N, then the lines AL, BM^ ON meet in a point, and the 
intersections of the three chords of contact with the corresponding 
sides of the triangle ABC lie in a straight line. 

18. If a conic touch all the sides of a rectilineal figure, the 
products of the alternate segments of the sides are equal. 

# 

19. Find the equation to the common chord of the conic 

a? y* 

and the circle of curvature at the point x'y, and find the length 
of this chord. 

What must be the eccentricity of the ellipse if the common 
chord of the ellipse and circle of curvature at an extremity of a 
latus rectum nass throusrh the further focus ? 



cnora oi me eiiipse ana circie ui curvacure i 
latus rectum pass through the further focus ? 



12—2 
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20. Apply Art. 176 to find the eqoation to the axes of the 
conic oaf + Jy* + 2c ay = Ic 

21. Is the point (1, — 2) within or without the curve 

y=:6a?+2y + l? 

22. Is the point (1, 1) within or without the curve 

(5aj-4y)"-(3a? + 2y-l)* = 5? 

23. Find the ratio of focal chords parallel to the co-ordinate 
axes in the conic 

24. Find a centre of similitude of two squares which are in 
similar positions, and hence inscribe a square in a given triangle. 

25. From the focus of a conic a line is drawn inclined at a 
constant angle to the tangent Find the locus of the point where 
the line meets the tangent. 

26. The curves obtained bj varying c in the equation 

are similar and similarly situated (lu) . 

27. Find the equation to the axis of the parabola 

{fin JtgyY + 2ay -f 2J'a? + c = 0, 
the co-ordinates being oblique. 

28. Find the director-circle of the conic 

aic^+iy*+2c'ajy=jfc (»). 

29. A parabola slides between two given straight lines 
which are at right angles. Determine the loci of the focus and 
vertex. 

30. Trace the curves 

y=aj-aj", aj=y-y*, 
and find the angles at which they intersect. 
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31* Find the axis of the parabola 

\/l+\/f=J --H- 

32. Prove by Art. 183 that if a right-angled triangle be 
inscribed in a rectangular hyperbola, the hypothenuse is paral- 
lel to the normal at the right angle. 

33. A right-angled triangle is inscribed in the conic 

Prove that the locus of the point where the hypothenuse 
meets the normal at the right angle is the conic 






What is this locos in the case of the parabola? 

34. Find the polar of the origin with regard to the conic 

and prove that if a conic circumscribe a quadrilateral, then the 
line joining any -two of the vertices of the quadrilateral is the 
polar of the third vertex. (Art. 78.) 

35. Prove generally for all conic sections the last theorem 
in Art 101, and prove that the centre of the conic ^ {osy) is the 
pole of the line at infinity. 

36. With a given centre one conic, and in general one only, 
can be described about a given triangle. Examine the cases in 
which the given centre is in a side of the triangle. 

37. If a conic pass through four given points, the locus of 
its centre is a conic. 



182 EXAMPLES ON CHAPTER XI. 

38. Assuming that the locos of the centre of a conic passing 
through four given points A^ By (7, 2> is a conic, prove a priori 
that on this locos lie the intersections of AD, BG; BD, CA ; 
CD, AB; and the middle points of BC, CA, AB, AD, BD, CD. 

39. The circle which bisects the sides of a triangle passes 
through the feet of the perpendiculars from the angular points 
on the sides, and bisects the distances of the angular points from 
the orthpcentre. . - 

40. If a rectangular hyperbola circumscribe a triangle, the 
' locus of its centre is the ' nine-point eircle.' 

41. How many parabolas can be drawn through four given 
points? How many rectangular hyperbolas ? 

42. With a given focus how many conies can be described « 
about a given triangle? 

43. Apply Art. 187 to the problem in Ex. 32. 

44. Find the equation to the mid-parallel of the lines 

Ax + By-h C, Ax+By-h C (Art. 180). 

45. The lines L — fiM, L + fiM are conjugate diameters of 
the curve LM^ h. 

46. Find the points in the conic ^ {xy) = 0, when the tanr 
gents are parallel to the co-ordinate axes. 

AT. Trace the curves 
(1) a?-\-xy = x-{'b. (2) (a;+y-5)'=y ~2a? + 8. 

(3) (a?-y)»+(a? + 3y)*=16. 

(4) (a;-3^+2)(aj-3y + 3)+5 = 0; 

and find the equation to a conic which has the same centre and 
asymptotes as (4) and passes through the centre of (1). 



CHAPTER XII. 



ABRIDGED NOTATION. 



193. Let i = 0, Jf =0 be the equations to two chords PQ, 
'PQ of the conic 

S=0 (1). 

Then the equation ZJf = represents a rectilinear hyperbola, 
and (by Art. 185) the equation to every conic passing through 
the points P, Q, P*, C, is of the form 

8+\LM==0 (2). 




• Let the point P', Q' move up to and coincide with the points 
P, Q respectively. Then the lines PF, QQ^^ which were com- 
mon chords of the conies (1), (2), become common tangents at 
P, Q, and we see that 

S+XZ* = (3), 

represents a conic having double contact with (1) 'along the 
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line* L. Since (3) is a simple eqoation as fisur as X is concerned, 
onlj one conic can be drawn through a given point so as to have 
double contact with a given conic along a given line. 

194. Let XsO, ifsOy ^sO, £ = 0, be the equations to 
four straight lines. Then (Art 193), £if+XASr=o is the 
general equation to a conic passing through the four points 
in which the lines LM meet the lines NR\ and LM-^-XS^ 
is the general equation to a conic touching the lines LM and 
having R for the chord of contact. 




Ex. 0+^)* + 2a'y + 2j'aj+ c« 

touches the line 

2a'y + 26'aj + e 

and the line at infinity, and has/r -^-gy for the chord of contact. 

195. Thus the equation to a conic referred to two tangents 
as axes must be of the form 

a?y + X(^aj + 5y+C)» = 0, 
Ax + J?y + (7 being the chord of contact. 

A more convenient form is 

(1+1-1)'='^ (»)• 

In this case a and b are the lengths of the tangents. 

Ex. The conditions that (1) maj represent a circle are 

• 19 1 2 2cosa> 
a'=:6', and -r — M=: = — > 

6) being the inclination of the axes. 
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Thus the equation to a circle referred to two tangents of 
length a inclined at an angle to is 



(a; + y - a)" = 4ay sin' - . (Compare Ch. vi. Ex. 32.) 

This equation, translated into trilinear co-ordinates by calling 
the lines a?, y, a? + y - a respectively a, /8, 7, is a^ = 7*. (The 
triangle of reference is, in this case, isosceles.) 

Again, the condition for a parabola is 

J fl_ M* _4 

When this condition is satisfied the equation (1) can be 
reduced to 



x/fVl-'- 



196. Let e be the eccentricity of a conic having the origin 
for focus and the line a = for directrix. Then the equation 
to the curve is 

aj* + y« = e»a«, 

or («a-y) («a+y) = aj', 

or (ea — a:) (ea + aj)=y'. 

Thus the lines ^ — y, ^ +y are tangents at the points where 
the axis of x meets the curve, and the lines 62 — a?, ea + x are 
tangents at the points where the axis of y meets the curve. 

197. We might define a focus of a conic as a point such 
that if it be made origin the equation to the curve can be put 
into the form 

• - » 

aj«+y» = ^y (1), 

or as a point whose distance from any point of the curve can be 
expressed as a linear function of the co-ordinates of the point. 
But, to speak of imaginary things as if they were real, a focus is 
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* a poiiit*circle having doable contact with the conic' For the 
curve 

a^ + y"«0 (2), 

has doable contact with the carve (1) along the line 7. 

Again, a conic meets its asymptotes in the line at ^infinity, 
and if the direction of the asymptotes be given (that is, if the 
terms of highest dimensions in the conic's equation be given), the 
conic meets the line at infinity in two given points. Thus all 
similar and similarly placed ellipses have two imaginary com- 
mon points at infinity, and, in particular^ all circles pass through 
Hhe two circular points at infinity,^ which are the points at 
infinity on the lines 

(x-a)« + (y-J)« = 0. 

Call these points 0, ffy and let S be any point whatever. 
Then all circles centred at 8 have the same asymptotes, viz. the 
lines Si9, Sff, and these lines are themselves one of the concentric 
system, viz. the point-circle 8. 

Let 8f ff he the foci of any conic. Then the lines 80, 80*, 
S0y ffff^ all touch the curve, and if from tf, ff there be drawn 
tangents so as to form a circumscribing quadrilateral, two of the 
angular points of this quadrilateral are the foci 8^ 8\ What 
are the other two angular points ? Imaginary foci. For if they 
be cr, a-\ then crtf, aff touch the curve, and therefore by making 
a origin, the equation to the curve can be put into the form 
a?-\-y^^ ^ff. The directrix 7 is in this case imaginary. Similarly 
a is a point-circle having double contact with the curve. 

198. To find the fod of the conic (xy) = 0. 

The tangents from the point xy* are represented by 

F"~4C;T7' = (1) (Art. 179). 

If the point x'y' be without the curve these lines are a recti- 
linear hyperbola : if on the curve, a rectilinear parabola, if within 
the curve, a point-ellipse which (like all point-ellipses) is recti- 
linear, and, if the point be a focus, the lines are a point-circle. 
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Thus the conditions under which (1) represents a circle make 
the point oiy a focus. These conditions are, that the coefficients 
of Q? and ^ be equal and that the coefficient of ocy yanish. 

Therefore since (1) is 
\x {aai '\-iy!f ^-V) +y (cV+ Jy'+a')+. . .}*= TJ* (aa;*+iy'+2c ay +. . .), 
the equations for determining the foci are 

Ex. Let ?7=^+%-l. 

a or 

Then for a^ ft, c, a , h\ c we must write 

4, i, -1,0,0,0, 
a 0. 

so that the equations (2) become 

a* b* W hVW.^b' V' 

xy 
and ^. = 0, 

or fic' — y' = a'— J' and a?y = (3). 

Thus the foci are in the axes of figure at the points 
± J a* - b\ 0, and + Vft* - a», 0. 

Of these points two S, S' are real, and two *<r, cr' imaginary, 
and in any conic the lines 88^^ aa' are real and at right 
angles. The equations (2) represent rectangular hyperbolas. In 
fact every conic which passes through the four foci of a conic is 
a rectangular hyperbola, since it passes through the intersections 
of two rec,tangular hyperbolas, viz. the axes of figure and the 
hyperbola whose vertices are the four foci. 

* Another form of (2) is 

dx dy dx ' dy 

in ?—=♦*• 
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In the case of the parabola three of the foci are at infinity, 
and from the equations (2) are deduced two linear equations 
determining the fourth focus. 

199. ConfoccX Gonics. 
The equation 






a* + X ft* + X 



1 (1), 



can, hj giving a proper value to X, be made to represent any 
conic which is conibcal with 

a? «/* 

^+|=» (2)- 

(Observe that a* and V are not necesBmlj paaitive quantities : 
thus (2) may represent a hjperbola.) 

How many confocals to (2) can be drawn through a given 
point x'y'? 

The equation for determining X is 
(X + a*)(X + J')-(X + a")y"-(X+ft*)aj««0 (3). 

Suppose a* algebraically greater than ft", so that — oo , — a*> 
- ft", + 00 , are in order of magnitude. 

The left-hand side of (3), when these four quantities are suc- 
cessively written for X, takes the signs +, +, — , +, and therefore 
changes sign (and so vanishes) for some value of X between — a* 
and — ft', and for some value greater than — ft*. Thus (3) has 
real roots, and one of these roots makes X + o", X + ft" have 
different signs, while the other gives them the same sign. 
Hence through any given point there can be drawn two con- 
focals to a given conic, a confocal ellipse and a confocal hyper- 
bola. Of course if the given point be on the given conic, one of 
these confocals is the conic itself. 

Again, confocals cut at right angles. For if x'tf* be a com- 
mon point of (1) and (2), then by subtraction 

(a"+X)a"'*'(ft- + X)ft""^ (*)' 
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or, the tangent lines 



^ . yy , ^^VL 1 

are at right angles. In order that xj/ maj be real, we see fix>m 
(4) that (a* + X) a* and Q/ + X) V must have opposite signs : that 
is, the confocals must be of different species, one an ellipse, one 
a hyperbola. 

The equation ^ = 4a (;e + a) can by varying a be made to 
represent any parabola having one real focns at the origin, and 
the other at infinity in direction of the axis of x. Thus two 
confocals can be drawn through a given point ; and these inter- 
sect at right angles, for in the equation y'*»4a(;e' + a) the 

product of the values of —7 is — I. 

200. Let a=0, i9 = 0, 7 = be the equations to three 
lines forming a triangle of reference, and let these equations be 
so written that the triangle is on the positive side of each line. 
Then at any point in the plane of operations 

aa+&/8 + 07=2A. 

The equation to any conic can be thrown into the form 
«o? + vi8" + t(?7^ + 2u'/8y + 2t?'7a + 2wai8 = (1), 

in which w, v, «?, u\ v, to' are constants. 

For let the sides CAy CB be made axes of x and y. Then 
the new equation to the curve must be of the form 

Ia?+M^ + N+2L'y + 2M'x + 2N'xy^0, 

a S 

But the new x and y are (see Art 70) the old -. — r?y, -: — p. 

Therefore the old equation was 
2/a* + -M)8" + -N'sin'(7+2ii'/8sin 0+2i£'asin a+2j»ra^ = 0; 

which, made homogeneous, is 
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+ {L'fism C + iTasin C) ^??^±M±^) + 2iV'a)8 = ; 

and this homogeneotis equation is of the form (1). 

If the eqoatious to three lines not meeting in a point he 
i = 0, M = Oj -ATsO, the equation to any conic can be thrown 
into the form 

,ii' + VjlfH «^i^+ 2<J/Ar+ 2v;NL + 2w;LM^ (2), 

in which Wj, v,, to^^ «/, v^ , «;/ are constants. 

For if a =8 0, )8 = 0, 7=0 be the other forms of the linear 
equations, the equation to the curve takes the form (1). 

Now a, )8, 7 vary as Z, Jf, N. Therefore the equation (1) 
can be written in the form (2). 

201. By the method of Art 179 (see Chap. v. Ex. II) it 
can be shewn that the equation 

a {ua! + uiP + vi) + fi {wa! + vl3' + uy') 

+ y{v'a' + u'ff + wy)^0 (1), 

or 

a!(ua + w'/3+v'y)+l3(w'a + v0 + u'y) 

•\-y{va + ul3 + foy)==0 (2), 

represents the tangent at the point a^y or the polar of the 
point a'/8'7', and that the equation to the two tangents from al3'y 

is F« = 4f7Cr (3), 

it being now understood that Z7, U', V stand for new expressions 
obtained by changing 

a?, y, «, X, y\ z\ a, J, c, a', b\ d 
to a, /8, 7, a', /S*, 7', w, v, to, u\ v\ vi 

respectively. 

If f{afiy) denote the left side of the curve's equation, (1), (2) 
may be written 
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202. To find the pole of a given line 

fot + m)8 + w7 = (1). 

Let (i*Py be the pole; then equation (I) is identical with 

(W + wff + V V) a + («^'a' + v^y + w V) P 

+ (vV + w /S* + tt^Y') 7 = 0. 

Hence the equations for determining the co-ordinates of the 
pole are 

UOL + w'^ + V^ _ tDOL + V)8 + tf 7 _ VOL + w')8 + tl?7 

Z ^ m "* n ' 

or 1.^ = 1.^ = 1.^. 

Z ' rfa m' d/S n' dy* 

203. To find the centre of the conic. 

The centre is the pole of the line at infinity, that is, of the 
line aa + J)8 + 07 = 0. 

Therefore the equations for determining the co-ordinates of the 
centre are 

tig + toff + vy _ w'a -hvfi -{- v!y _ w'a + v!ff + wy 
a b " c * 



or 



a' da b' dff c* dy' 



204. Iif{a^) = be the equation in a rational and integral 
form to a conic of which a)97 is the centre, then 

/(ai»y)=/W) 

is the equation to the asymptotes. This result may be deduced 
from Art. 174, or may be established thus: 
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The general equation to a conic having doable contact with 
f{ofii) along the line la + mfi-^-wf is (Art 194), 

If the line be the line at infinity, the equation becomes 

/(a^7)»a constant. 

Thus only one conic can be drawn through a given point a'/3'7' 
having double contact at infinity with the given conic y][a/3y) = 0, 
namely the conic 

The equation to the one such conic through the centre, that is, 
to the asymptotes, is 

/(«i»y)-/(«/87). 

205. The general equation to a conic circumscribing the 
triangle of reference is 

5+^+r"^ "^'^' 

For if the point A (that is the point when fi = and 7 « 0) 
lie on the curve 

m*+vfi^ + W7* + 2tt'/S7 + 2t?'7a + 2tt?'a^ = (2), 

then u = 0. 

Similarly if B and C lie on the curve, t; = and to^O^ and 
thus (2) is reduced to a form equivalent to (1). 

Writing (1) in the form l/Sy + a {my + nfi) = 0, we see that 
the points where the line my + n/3 meets the conic lie in the two 
straight lines ^87= 0. Now the my + nfi is drawn through the 
intersection of the lines fly. Therefore those points coincide, or 
the line my + nfi is the tangent at the point A. Similarly the 
lines na + ^, 2)9 + ma are tangents at Bj C. 

206. If the circumscribing conic be a circle, then by 
Euclid III. 32 the three tangents must be the lines 
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7siii5 + /8Biir(7, a sin (7+ 7 sin -4, i8sin-4 + dsm^; 
hence 

I in n l__m__n 

sin -4 ~ sin J? sin C7' a"~&""c' 

and the equation to the circamscribing circle is 

a b c 

a P y 

Let 8=0 be the Cartesian equation to any particular circle. 
Then a form of the general equation to a circle is 

Thus a form of the general equation to a circle in Trilinears 

is al3y + hya + cafi + L^a + M^I3 + N^y = 0, 

or a^ + bya + oal3+{aai^bfi+cy) {La'\^MI3 + Ny)=0. 

207. The line La + Mfi + Ny==0 touches the conic 

l/3y + mya + nafi = 0, 

if, on combining the equations and eliminating 7, the resulting 
equation give equal values of the ratio a : /9; that is, if 

I m n ^ 

Thus the conic is a parabola if 

I m n ^ 
a o c 

for all parabolas touch the line at infinity. 

208. To find the ge/inerdl equation to a conic touching the 
three lines ofrefsrence» 

In / {afiy) = put a = 0. There results 

t?)8" + toy* + 2u')87 = 0, • 

which is the equation to the lines joining the point A to the 

points where BC meets the curve- If these lines coincide, that 

T. G. 13 
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is, if u'*^vWf 5(7 touches the curve* Hence if the conic touch 
BO, GA, AB, 

BXiif{afiy)=^0 reduces to 

uo? + v^ + u^ + 2»Jvw. Py + 2*fiJou . 7a + 2^/uv . a)8 = 0. 
Let w = P, v = m*, w? = n*; 

then we maj write the equation in either of the forms 
Pa* + w"/8" + nV - 2wni87 - 2n?ya - 2&na^ = 0, 

Jla + a/^)3 + V W7 ^ 0. 

209. Thus the equation to the circle inscribed in the triangle 
of reference must be of the form 

JJa^-Jmp + Jwi^O (1) 

At Ay the point of contact with 5(7, a = 0, and therefore 

^/w^J8 4- 17^7= 0, or mfi^nry; 

that is, mA' (7 sin C7 = nA'B sin J5. 

But ^'0=-cot^, 

8 2 

and A'B=^ — cot — . 



Thus 



and 



8 2 

cos*- 
m 2 

n T^' 

cos - 
2 

• A -jd • O 

cos — cos — cos — 

2 2 2 



The equation to the inscribed circle is therefore 
cos- ^/a+cos-^/]8 + cosJ^=0. 
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Similarlj the equation to the escribed circle in the angle A 

is 

^ , ^ f- C ,- 

cos — V - a + cos 2* Vi8 + cos - V7 = 0. 

210. Since any straight line can be represented bj equations 
of the form - 

«-«' fi-0 7-y ^ 
I m n 

it follows that the equation for determining the length of a line 
drawn from the point a'ySV '^^^ direction Imn^ to meet the curve 

is f(p^' + ir, /3^ + fnr, y* + nr) =0, 

or f{(^Pi) + r [l{ua: + w'ff -h vV) + m (t(?'a' + v/S* + u'i) 

+ n(t?V + u'i8' + W7')} + rV(Zmn) = (1) 

Thus the equation to the diameter conjugate to chords in 
direction Imn is 

I {ua + wfi + v'7) + m (w'a + v^S + u'7) 

+ n(t?'a + w'^+W7)=0 (2) 

211. If the line be drawn parallel to the side BC^ the 
values of l^ my n may be called 0, sin C, — sin^. 

Suppose this line drawiv from the centre ; then by geometry 
or by Art. 203 the coefficient of r vanishes, and the equation for 
determining r is 

/(ai87) + ^y (0, sin C, - sin 5) « 0. 

V sin* C+ to sin* B — 2u sin ^sin G 

Thus if Ta, n, r, be the lengths of central radii parallel to the 
sides of the triangle of reference, 

H r/ r^ 

: tiJ* + tw^ — 2w'aJ. 

13—2 
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Cor. The conditions for a circle are 
v<? + wV — 2t/ Jc = wcP + tic" — 2vca s^ulf + vc?^ 2w'ai. 

212. Let A^ B, C, Dhe fonr points on a conic (see figure 
to Art 78), and let the three pairs of lines which contain them 
all meet respectively in L, if, N. 

Then if iCV^meet CD, AB in F, G, the ranges DFCL, A QBL 
are harmonic, for the lines MA, MN, MB, ML form a harmonic 
pencil (Art. 78). Therefore (Art. 179) the points -F, O lie on 
the polar of L, or, MN ia the polar of X. 

Similarly LN ia the polar of M, and therefore (as in Art. 101 ; 
cf. Chap. 21. Ex. 35) LM is the polar of N. 

Thus of the three points L, M, N each is the pole of the line 
joining the other two. The three points are a conJugcUe triad 
with respect to the conic, and are a conjugate triad with respect 
to all conies passing through A, B, C, J). 

As any two conies have four common points, real or imagi- 
nary, they have a conjugate triad. 

213. To determine the form of the equation to the conic when 
the vertices of the triangle of reference are a conjvgaie triad. 

The equation to the polar of any point a )8 7' with respect to 
/(a^7) is 

a' [ud + wp -f- vi) + ff [wa + v)8 + w 7) + 7 {va + u'fi + wy) = 0. 
Make /8' = and y = 0, this becomes 

uoL + wfi + v'y = 0. 
If this line coincide with the line a, v' = and w = 0. 
Similarly if 5 be the pole of CA, to' — O and u = 0. 

Thus if the points A, B, Che b. conjugate triad, the equation 
to the curve must be of the form 

The triangle of reference is said to be self-conjugate, being 
its own copolar (Chap. vii. Ex. 8). 
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214. . To find the condition that the curve £(0)87) may be a 
rectangular hyperbola. 

The coefficients of af and y^ in the Cartesian equation must 
be equal and of opposite sign. The condition will be found to 
be, since the cosines of the angles )8 — 7, 7 — a, a — )8 are the 
cosines oi A, B, C, 

u + v + w + 2u'qo9A + 2v* coqB-\- 2w' cos (7= 0. 

In the case of the curve ilo? + 1?)8" + w/ the condition is 

u + v + w=^0. 
In the case of the curve 

ufiy + vya + w'afi=^0 
the condition is 

u cos A+v cosB+ w cos (7= ; 

or, in geometrical language, the curve must pass through the 
orthocentre. 

215. In any conic if 5F, S'Y* he the perpendiculars from 
the foci on a tangent, SY , S'Y*==B(P. Therefore if a conic 
touch the lines 

a=0, i8 = 0, 7 = 0, S=0....... 

and a, ^, 7, S,... a', /S*, 7', S*,.., 

be the distances of S, 8^ from these lines, 

aa' = /3/3' = 77' = SS' = ... 

Thus, if the locus of She expressed homogeneously with refer- 
ence to the lines a, fi, 7, S,... the locus of 8' will be found by 
writing 

111. ^ 

-> "gj -"•••tor a, ^,7.... 

For example, if a parabola touch the three sides a, iS, 7 of 
a triangle of reference, since one focus is at infinity, or lies on the 
line 

aa + J/S + 07 = 0, 
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the other focns must lie on the curve 

that is, on the circle which circomscribes the triangle. (Art. 206.) 



Examples on Chapter XII. 



1. Determine X so that the equation 

may represent the two tangents from a!j/ to the circle a^+y*— c*. 

2. Determine X so that U^W* (Art. 179) may represent 
the two tangents from x*y' to the conic U. 

Find the asymptotes of the conic aa? + ibxy + cy* =/. .•(©). 

• 3. If the three pairs of sides of a triangle be asymptotes of 
three conies, then the three finitely-distant chords of intersection 
of the conies meet in a point. 

4. Prove geometrically that if a parabola touch the three 
sides of a triangle its focus lies on the circumscribing circle, and 

hence prove that the focus of a/- + a/t = 1 is at the point 
determined by 

ax =^ by J ar+y* + 2xy cos o) = — r— ^ , 

0) being the inclination of the axes. 

5. Prove that any point on the conic LM=^S? can be de- 
fined by the equations fj?L = fiR ^^M, fi being an arbitrary con- 
stant, and find the equation to the chord joining the points fi^ fi'. 
Deduce the equation to the tangent at the point fi. 

6. 3jP, TQ are tangents to a conic and the bisector of the 
angle PTQ meets PQ in R. Prove that the segments of any 
chord through R subtend equal angles at T, 
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. 7. Find the eqoation to the conjugate axis of the curve 

(aj-l)« + (y + 2)*=5(aj-3y)\ 

8. Determine the foci of the parabolas 

9. How many confocals can be to a given conic so as to 
touch a given line ? 

10. To any point ay on the conic 

T+^=l 
a o 

there corresponds a point aiy' upon the confocal 

1 

a" 0' 

such that 

and if the points P^ Q on one conic correspond to P, Q on the 
other, then P^ = P'e. 

11. Form equations for determining the centres of the 
conies 

- + ^ + - = 0, JTa + Jm^+Jwi^Oy 

a p y 

and deduce in each case the condition for a parabola. 

12. If ^/&^+ Jm0 + Jnrf = be a parabola, then the line 

na-\-h Ib + ma 

is a diameter (Ex. 11), Hence find the focus and prove that 
the directrix passes through the orthocentre of the triangle of 
reference. 

13. Prove both by Art. 205 and Art. 208 that if a conic 
touch BO, OA, AB in A, B, C the Knes AA\ BB, GO meet 
in a point and the respective intersections S C^ C7'-4', AB 
with BO, OA, AB lie in a straight line. 
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14. Prove that the equation to a circle bisecting the sides 
of the triangle of reference is 

^ +_L.+_£_«o (Art. 205). 



a he' 

15. A conic touches the three sides of a triangle and has 
one focus in a given straight line. Prove that the other focus 
lies on a conic described about the triangle. 

16. The semi-axes of an ellipse are a, h and the distances 
of its foci and centre from the lines a, fi inclined at an angle to 

are a, )8, a', /S*, a, )8. Prove that 

a + a' = 2a, )8 + /3'=2^, aa' = /3)8' = J", 
(a-ay+08-)80' + 2(a-a')0S-i8')cosa> = 4sin*o)(a»-y). 

17. An ellipse of semi-axes a, h slides between two straight 
lines inclined at an angle a>. Prove that the locus of the real 
foci referred to the two lines is 

\ ajsin"©/ \^ ysin*®/ 

V X sm* ©/ V y sin" ©/ ^ '^ 

and find the locus of the x^entre. 

18. A quadrilateral is inscribed in a conic and tangents are 
drawn at the angular points so as to form a circumscribing 
quadrilateral. Prove that the two quadrilaterals have a common 
intersection of diagonals. 



CHAPTER Xm. 

MISCELLANEOUS THEOREMS AND METHODa 

216. Pascal's Theorem. If a hexagon he inscribed in a 
conicj the three intersections of opposite sides will lie in a straight 
line. 

Take anj six points on a conic section, and in any order 
whatever, call them 1, 2, 3, 4, 5, 6 : then join them by six 
straight lines 12, 23, 34, 45, 56, 61, so as to form a hexagon of 
which the pairs of opposite angular points are 1, 4 ; 2, 5 ; 3, 6, 
and the pairs of opposite sides 12^ 45 ; 23, 56 ; 34, 61. Then the 
three intersections of these pairs lie in a straight lie. Bj naming 
the six given points in different orders we have 60 hexagons 
which have the given points for angular points ; and not more 
than one of these hexagons can be free from re-entrant angles. 
Pascal's Theorem is true for all. 

Let the equations to 12, 23, 34, 45, 56, 61 be respectively 
ti = 0, t; = 0, ti? = 0, tt' = 0, t?' = 0, t(7' = 0, and let« = be the 
equation to the diagonal 14. Then the given conic circum- 
scribes each of the quadrilaterals 1234, 3456, and therefore its 
equation can (Art. 194) be written in either of the forms 

uw + \vz = 0... (1), 

tiV+XV«=:0 (2), 

X, \' being constants. 

Hence the expression uw + \vz is identicallv equal to 

k {u'w' + XV«), 

k being some constant. Therefore uw — ku'w is identical with 
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TcK'v'z — \ozj or with (AXV — Xr)«, and therefore breaks up into 
two linear factors ; and therefore the equations 

uw — ku'w'^O (3), 

(AXV-Xt?)«=:0 (4), 

represent the same pair of straight lines, namely the line 14 and 
a line through the point where v, v' meet (or *the point vt?"). 
These two lines, as we see from (3), contain the points uu\ ww\ 
whidh, not lying on the line 14, must therefore lie on the line 
through W. Thus the points W, W, loxxi lie in a straight line. 

Ex. Let the points % 4, 6 coincide respectively with 1, 3, 5. 
Then the lines 12^ 34, 56 become the tangents at 1, 3, 5, and the 
lines 23, 45, 61 become 13, 35, 51, and the theorem becomes the 
second theorem of Chap. xii. Ex. 13. 

217. Pascal's Theorem may be proved for the circle by- 
means of the following lemma from Trigonometry (see Chap. v. 
Exs. 16, 18, 23). 

ijT L, M, N &0 points in the sides BC, CA, AB of a triangle 
either such that AL, BM, CN meet in a pointy or such that LMN 
is a straight line ; then 

BL CM AN_ 
CL'AM'BN^^'*'^*^' 

Conversely: Let L, M, N be taken in the sides of the triangle so 
that this equation is satisfied; then t/^ L, M, N lie one or all in the 
sides unproduced, AL, BM, CN meet in a pointy hut tj^ L, M, N 
lie one or all in the sides produced, LMN is a straight line. 

For the alternate sides 12, 34, 56 of the hexagon inscribed in 
a circle form a triangle which has each of the remaining sides 
for a 'transversal.' Whence we get three equations like (a). 
Multiplying these together and making use of Euclid III. 35, 36, 
we get another equation like (a), proving that the three intersec- 
tions 12, 45 ; 23, 56 ; 34, 61 lie in a transversal of the same 
triangle. 

We shall presently shew how this theorem may be geometri- 
cally extended from the circle to the other conic sections. 
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218. If four fixed p<nnU he taken on a conic the anharfnonic 
rcOto of the pencil formed by joining them to any fifth point on the 
conic is constant. (See Chap, til Ex. 12.) 

JP 




c 

Let -4, B, C, D be the four fixed points, and let the equations 
to-4JB, BG, CD, DA be a = 0, ^8 = 0, 7 = 0, S = 0. Then the 
equation to the conic is (Art 194) of the form ay^k.^h (1). 

Now the a of P is the altitude of the triangle having P 
for vertex and the chori^AB for base, and therefore 

P^.Pgsin^P^ 
AB ' 

and similarly we can express the ^, 7, S of P. Hence (1) asserts 

that 

sin APB sin APD _ , 

aiaCPB ' sin(7Pi>" ' 
or that the anharmonic ratio of P4, P5, PC, PD is constant. 

The symbol [P.ABCD] is used to denote the anharmonic 
ratio of the pencil PA, PB, PC, PD and [abed] to denote the 
anharmonic ratio of four points a, h, c, d lying on a straight line 
(or of the range abed). Let^, -B, (7, i> be as above and let ahcd 
be a transversal to the pencil. Then {P.ABCD] is constant 

and = [abed] = "t -^ --7 • 

219. We take one example of this theorem from Salmon^s 
Conic Sections, 

If P be made to coincide with one of the given points, as -4, 
the chord PA becomes the tangent at A, and the anharmonic 
ratio of the pencil is denoted by {A . ABCD], 
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Now let 00, 00 ' denote the points at infinity on the conic, so 
that if be the centre, od, oo' are the agjmptotes. Take oo, oo' 
for the points G and 2), and make P coincide first with oo and 
next with oo'. Thus 

{ oo . ^5 00 oo'} = { 00'. ^5 00 oo'}. 

The lines oo-4, oo-B are parallels to the asymptote Ooo: the 
line 00 00 is this asymptote, and the line <» <»' is altogether at 
infinity. 




Taking the line OA for the transversal, we have for a, b, Cy d 

four points on the line OA, viz. A, b (where OA meets oo^), 

-. ^ J, ab ad , Ab Aco / . Acx^, , 

0, ,00,, and for ^-^ we have ^^ ^, or (smee ^ is 

ratio of equality) 



\ (^00 

a ratio of equality J -^ . 



Similarly if co'B meet OA in V, the value of { oo' . AB oo oo'} or 

[Ab 30,0} IS — T, -5- -—71 or -r^, 
^ * ^ cofi 00 AO 

„ Ab AV . ,. c OA OV 
. ^-^^^ Ob^AO'^ ^""^ ^^"^^^"^ 06 = Ol- 

Thus any central radius of a hyperbola is a mean propor- 
tional between the central distances of the points where it is met 
by parallels to the asymptotes drawn from any point on the 
hyperbola. 
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Orthogonal Projection, 

220. Let P be a poiut in space and i^ the perpendicular 
from P to a given plane. Then the point p is the orthogonal 
projection of P on this plane. 

We shall use a large and small letter to denote a point and 
its projection. Thus if P move along a straight line ABC ...^ 
p moves along a straight line abc... similarly divided to ABC. 
That is, the projection of a straight line is a straight line simi- 
larly divided. So the projection of a curve QR8 and chord QS 
are a curve qrs and chord qs^ and when Q, S coincide, so do j, s. 
Thus the tangent at Q projects into the tangent at q. A system 
of parallel straight lines projects into a system of parallel lines 
in one plane, and the lengths of finite parallel lines are by pro- 
jection altered in the same ratio. A pencil of lines P4, PP, PGy 
PD becomes a pencil pa^ ph^ pc, pd of the same anharmonic ratio 
(for any transversal ABGD projects into a similarly divided 
transversal abed), A plane curve projects into a plane curve of 
the same degree. For let X, Fbe co-ordinates of P referred to 
OX, OF, and x, y those of ^ referred to oa?, oy. Then X= Xa?, 
Y= /xy, X and /x being constants, so that the curve y(X, F) = 
projects into the curvey(Xa;, /xy) = 0, which is of the same degree. 
A conic projects into a conic, an ellipse into an ellipse, a parabola 
into a parabola, a hyperbola into a hyperbola. 

A diameter, being the locus of the middle points of a series of 
parallel chords, projects into a diameter, and therefore the centre 
of a conic (being the intersection of two diameters) into the 
centre of the projection, A circumscribing parallelogram be- 
comes a circumscribing parallelogram. 

In all this the lines of projection need not have been at right 
angles to the plane of projection, provided that they had been 
parallel. Such a projection had been oblique^ but our projection 
will be orthogonal 

221. Let AA\ BB be the major and minor axis of an 
ellipse whose plane is inclined at an angle to the plane of 



2oe 
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projection, the ellipse being 80 situated in its own plane that BB* 
is parallel to the plane of projection. 

Then anj ordinate PM is equal and parallel to its projection 
P^> *^* AM'^AM^ CI' and cJ= GR 




Whence, as -vy^^ — 77Tr=-T7w> — — r- = --i; so that the 
' AM. AM AC/ am. am a(r' 

curve apa' is an ellipse with centre c and semi-axes ca, eb (Art 

122). 

Also ca=^(A, provided that C4cos^= CB (or sin^ = 6). 

Thus any ellipse can he projected orthogonally into a circle 
equcbl to its own leaser auxiliary circle. 

And similarlj a circle can be projected into an ellipse of any 
shape, and the circle will be equal to the greater auxiliary circle 
of the projection. 

This method is employed to reduce theorems on the ellipse 
to theorems on the circle. For instance, Ex. 27 of Chapter ix. 
can be translated thus: It qv be perpendicular to a diameter^' 
of a circle (whose centre is c), qtf ^pv . ty', and if the tangent 
at q meet cp in ^, then cv .ct^ cp\ 

■,^^ Olf cd* '^^ CI* c^ ' 

222. If any point P more round the contour of a plane area, 
p will move round the contour of an area which will be equal to 
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the former area multiplied hj the cosine of the angle between 
the planes of the areas. This is proved by dividing the two 
areas by planes indefinitely ne^r to each other and perpendicular 
to the common section of the planes of the areas. Areas lying 
on parallel planes are proportional to their projections, even when 
these are oblique. 

Any projection made by parallel lines may be called {some- 
tricaly as preserving unaltered the ratios of lengths measured 
in a common direction and the ratios of areas lying in parallel 
planes. 

223. The rules of this method of projection can also be 
established without geometry of three dimensions. 

For let a point P be referred to co-ordinate axes, and let the 
projection of P be defined as a point P in the plane of reference 
whose co-ordinates are obtained firom those of P by altering the 
a? of P a constant ratio, and the y in a constant ratio ; or, X and /x 
being constants, let the projection of the point (a?, y) be defined 

as the point [-, ^j: then results may be obtained similar to 

those of Art. 221, the curve ^{xy) = projecting into 

4>{Xx, fiy) = 0. 

Thus, by making X = - and /x = -, we project the ellipse 

a? V* 

T + a = 1 into the circle a? +y* = c* (e. g. see fig. to Art. 123). 



By making X = - and ft = -A/^^, we project the hyperbola 

-][ — ^= 1 into the same circle, and thus we may extend some 
results firom the circle to the hyperbola. 

Ex. To find the equation to the tangent to the curve 






at the point x'j/. 
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Frojectmg the cnnre into a circle, we have to find the tan- 
gent to aj*+y*=<? at the point ^,— . Thisis 

At fJk 



X 






X " ft 
And this line is the projection of 



or of 



since 






a 



X = - and u = - V — 1. 
c c 



We can project a conic into any confocaL 



Sections of a Cone. 

224. Let a plane figure consisting of two straight lines ^^Vz., 
BVr inclined at an angle a revolve about one of the lines Zz. 
The surface generated is a * right circular ' cone (or cone of revo^ 
lution) with vertex Vz and aocis Zz^ and semi-vertical angle a. It 
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consists of two equal and similar branches, or semi-cones, which 
are infinite. Any plane meets this conical sor&ce in a plane 
curve which, as we shall see, is a conic section in our sense of 
that term. For instance, all sections perpendicular to the axis 
are circles (Euclid, i. 36) centred in the axis. 

A plane section through V perpendicular to the axis is a 
point-circle. 

Let a section of the cone be made b^ any plane meeting 
the cone in a curre X, Through ^ draw a plane at right anglee 
to er meeting the cone in the ' generating lines ' Br, Rr', the 
plane w in the line AA', and the curve X in the points A, A'. 
Through krj point P of X draw a plane perpendicular to Zss, 
meeting VR, VR, AA in a, a', M. This plane meets the cone 
in a circle of which aa' is a diameter, and the common chord PP" 
of the circle and X is (Euclid, xi. 19} perpendicular to the plane 
BVR and therefore to aa', AA'. Thus aa, and therefore AA', 
bisects P at right angles, and therefore AA' divides X syro- 
metrically. 



Now for all positions of P on X the ratios 



re constant 
T.o. 



oM a'M 
AM' A'M 
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Also (Euclid, IIL 35) PM^ « aM. aM. 

Therefore jjJ^jtjj- = JmZaH^ ^ constant. 

Thus the locus of P is a * conic section * of which A A' is the 
transverse axis. 

If A, A' lie on the same semi-cone, X is an ellipse; if ^, A' 
lie on different semi-cones, X is a hyperbola. If A' be at infinity, 
that is, if AA' be parallel to JKr, 

PM^ _ aM. a'M 
AM AM 

which is constant as --ri> and a'M are constant. In this case the 

AM 

section is a parabola. 

Let FjB", VH^ be any two generating lines of the cone, and 
let FH] move up to coincidence with VH. The points A, A, 
where FjB", FH] meet any fixed plane section ultimately coincide 
and hh^ is ultimately a tangent at h to that section and therefore 
to the cone. Thus the plane FHH"^ ultimately contains all 
the tangent lines that can be drawn to the cone at points of VS, 
and is the tangent plane to the cone ' along VH* It is perpen- 
dicular to the plane VHZ, since it contains tangent lines to 
circular sections and these tangent lines are perpendicular to 
Fffand VZ. Thus the plane of the parabolic section aforesaid 
is parallel to the tangent plane along FB' (Euclid, XL 18), for a 
line in the plane JBFB' perpendicular to the parabola's axis is 
perpendicular to both planes. 

225. In general, if spheres inscribed in the cone so as to 
touch «r have 8, 8' for their points of contact with «r, then S, S' 
are foci of X. For the spheres have circles of contact with the 
cone, and if VP meet these circles in T, T\ TT is constant. 
But TT ^ 8P±8'P (according as the section is an ellipse or 
a hyperbola), because the two tangents PTy P8 to one sphere are 
equal, as also the two tangents PT, P8' to the other sphere. 
Thus 8, 8 are foci of X. Again, the planes of contact meet ^ 
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in the directrices. For let the plane of contact of the sphere 8 
meet VA, VA\ AA' in n, n', E, and the plane isr in the line EK, 
and let a, a, be as before. Then EK being (Euclid, xi. 16) 
parallel to PM, ME is P's distance from EK. Now ME bears 




(Euclid, VI. 2) a constant ratio to an or PT or 8P. Thus the 
curve X has fif for focus and EK for directrix, the eccentricity 
, . an An , . , sin AEn 



COS a 



Thus if e be the eccentricity of a section whose plane makes 
an angle with the planes of circular section, 



6 = 



Bm0 
cos a 



If the section be a hyperbola the spheres are in different 
semi-cones. If the section be a parabola, AA' is parallel to a 
generating line JRr and 5' is at infinity, but 8 is still the focus 
and E the foot of the directrix, as may be proved independently 
or inferred from continuity. 

14—2 



ifil;^ 
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226. It follows from the geometry of the triangle VAA 
that A8. A 8 (== sin^a . YA . VA) = the product of perpendiculars 
from A^ A on Zz. Thus the semi-conjuffcUe axis is a meanpro' 
portwnal betvoeen the distances of the extremities of the transverse 
axis from the axis of the cone* 



Again, the semilatus-rectum [or — j 



28in*a.F^.7^' 
AA 

_ tsxi a .VA .VA fsai2a 
2tana.AFu!l^' 

AA 

= tan a x distance of V from the plane of section, 
and varies, therefore, as that distance. 

227. All parallel sections of the cone are similar and, if 
we may apply the term to figures in different but parallel 
planes, similarly placed. Any line through F meets their planes 
in corresponding points. 




For let two generating lines VPp^ fif^^d any line VCc 
through Fmeet two parallel planes of section in P, Q, C^p^ q^ c. 
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Then CP^ CQ are parallel to qp, cj (Euclid, xi. 16), and there- 
fore the angles QCP^ qcp are equal (xi. 10). And by similar 

triangles 

cp __ cF__ cq 

Thus the curves PQ, pq are similar and similarly placed, and 
(7, c, regarded in connexion with them, are corresponding points. 
Thus if (7 be the centre of PQ^ c is the centre of pq, and if C7P, 
GQ be conjugate semi-^ameters, so are cp, cq. 

Let a section be drawn through any chord of the cone, and 
let PP' be the parallel diameter in the section, and QQf the con- 
jugate diameter. Then the plane VQQf bisects all chords in 
the cone which are parallel to PP\ and the plane VPF bisects 
all chords parallel to QQ\ 

Again, if Oa, 0/3 be asymptotes of any section, the asymp- 
totes of any parallel section are parallel to Oo, Ofi and lie in 
the planes VOa, VOfi. 

Among such asymptotes, by moving the plane of section 



parallel to itself up to F, we are enabled to reckon the lines Fo,^ 
Vfi^f which constitute the section through F. 

228. From this section through F we may deduce the 

formula 

sin . . 

€ = (1). 

cos a 
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For let a plane perpendicular to VZ meet VZ^ Fa^, Vfi^ in 




Fy G, G\ and let LL' a diameter of the circle bisect GO' in D. 
Then the eccentricity of the section a^Vfi^ is the same as that of 
anj parallel section and 



= sec 



GVG' 



VG VF&ecFVG sin^ 



Vn Fy sec FVD cos a 

So long as we keep to the same circle LGL\ VG is con- 
1 



stant and ecc 



vn' 



Suppose 2> to coincide with F. Then e = sec a and is the 
greatest possible. If D move from F towards L or L\ e con- 
tinually decreases, and when D reaches L or L' the lines VG, 
VG' coincide and the section is parabolic. When D has passed 
beyond the circle, the lines VG^ VG' are no longer real (they 
are a point-ellipse), but the formula (1) still holds good. The 
section is now an ellipse whose eccentricity continually decreases 
through all proper fractions down to zero. The section is then 
a circle. 

229. Any given conic which is not rectilinear and whose 
eccentricity does not exceed sec a can be placed so as to coincide 
with some section of our cone. For let the given eccentricity 
be e. Draw a plane inclined to the planes of circular section 
at an angle sin"^ (e cos a). This will meet the cone in a section 
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similar to the given conic : and by properly choosing the dis- 
tance of the plane from F we get a section of the right size. 

A given conic« once fitted to the cone, would be capable of 
revolving round the cone's axis without breaking its coincidence. 

We can of course cut from the cone two straight lines inter- 
secting at any angle less than a. 

If we wish for a section of greater eccentricity than sec a, we 
must take a cone of greater vertical angle. As the proposed 
eccentricity increases, this cone expands and tends to become two 
coincident planes. 

230. The eccentricity of a rectilinear conic may be am- 
biguous. Thus two straight lines intersecting at an angle fi 

are a hyperbola whose eccentricity is either sec ^ or sec — ^-^ . 

Two parallel straight lines are either a parabola or an infinitely 
eccentric hyperbola. For they are the limit either of a parabola 
having a given axis and passing through a given point, or of 
a hyperbola of given transverse axis and infinitely increased 
eccentricity. Two coincident lines are always parabolic. 

In any given straight line take a finite portion AA\ Describe 
an ellipse and hyperbola having AA for transverse axis, and 
let their eccentricities approach indefinitely near to unity. The 
ellipse approaches to coincidence with the finite line AA\ the 
hyperbola to coincidence with the remaining infinite portion of 
the given line. 

231. If a circular section of the cone be fixed and the vertex 
move ofi^ to infinity, the cone becomes a right circular cylinder. 

ftin a 

The equation e = is now e = sin 0. Thus e can have 

^ cos a 

any value from to 1. 

A parabolic section consists* of two parallel straight lines, 
the distance between which cannot exceed the diameter of the 
circular sections. 
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ObUqve C<me$. 

282. Let F be a given point, and A a given cnnre of the 
second degree Ijing in a plane 11. A straight line passbg 
through V and A generates a cone which in general is not a 
cone of revolution, but an Mtque cone. The curve A which 
guides the moving line msj be called the dvrectrix. 

All parallel sections of such a cone are similar and similarlj 
placed (cf. Art 227). Thus all sections bj planes parallel to n 
are similar and similarlj placed to A. By making sections 
through the vertex V we maj conclude A prim that sections 
meeting both semicones are hyperbolas and that sections parallel 
to a tangent plane are parabolas. But we shall directly prove 
that the section X made by any plane v is a conic. 

At any point Pof X draw a section A^ by a plane 11^ i>arallel 
to n, and let PF be the common chord of X, A^. 

As P moves along X, PP moves parallel to itself (Euclid, xi. 





16). In n^ draw a diameter DI/ bisecting PP in M. The 
plane VDI/ bisects all chords in the cone that are parallel to 
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PP and is fixed ; and, as P moves, the line Blf moves parallel 
to itself in this fixed plane. (See Art. 227.) Therefore, if Fi?, 
Vlf meet X in Q, Q^ all chords of X that are parallel to PP are 

bisected by the line QQ^ and the ratios -tf^^ mQ' * *'^ constant. 

Again, if h • Dlf be the length of that diameter in A which is 

PM* 
conjugate to iJiX, h is constant, and 71*/ n'M ~^' Therefore 

PAP 

OM nM ~ * constant (A?''), and so X is a conic in which QQ' is 

a diameter conjugate to PP. 

The cone maybe described with Fas vertex and the curve X 
as directrix. Indeed any curve drawn upon the cone so as to 
cross all the generating lines is a possible directrix. 

233. Let any section A^ be made by a plane 11^ parallel to 11^ 
which meets QQ' in a point M^ lying without X. Then if P^l 
be the line in which 11^ meets «r, P^P/ is parallel to PP and 
therefore conjugate to QQ' : and if FD, VD* meet 11^ in D^^ 2)/, 
the diameter DJ)[ of A^ is conjugate to P<J?l^ and Ic . DJ)[ is 
the length of A^'s diameter parallel to PJI^l. Also by similar 
triangles 

Let a line through F parallel to DI/ meet QQ' in N, and let 
BNR be parallel to PP. Then if 11^ move up to F, the points 
jDj, i)/ coincide, the section A^ becoming a point-section in the 
plane VBR ; and M^ is at N, And thus 

QN.QN _J^ 

234 In the special case in which A is a circle. A; = 1 and 
Diy is perpendicular to PP. Thus FJVis perpendicular to BR 
and = k' ^QN. Q'N. The section made by the plane VBR is a 
point-ciircle and the plane 11 is parallel to this plane. 

Hence, given any conic X and a line BB' lying in its plane 
but not intersecting it, we can determine a point V, such that the 
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cone with vertex V and directrix X shall be met in a circle by 
any plane parallel to the plane VBR. 

For draw a diameter QQf of X conjugate to BR and meeting 

BR in N, and with centre if and radius ^Ic .QN. QN(Jc. QQ' 
being the length of the diameter conjugate to QQf) describe a 
circle in a plane perpendicular to BR. The point V maj be 
any point on this circle. 

Perspective Projection, 

235. Let F be a given point or vertex in space, and let w 
be a given jp2tin6 of projection. Let the line joining V to any 
point P meet «r in p. Then p is the perspective projection of P 
on the plane «r. Any system of points P, Q,B... has a perspec- 
tive projection (or picture) p, j, r ... on this plane. If -P move 
along a straight line AB, p moves along a straight line ab, 
which is the intersection of the planes bt, VAB. 

Let ABy CZ), ...be parallel straight lines which are to be 
projected. 




Through V draw a parallel Vq meeting ^ in ^. Then the 
planes VAB, VCD^ ... all pass through Vq, and therefore the 
lines ah J cd, ... all pass through q. The point q (which is the 
projection of Q the point at infinity on the given parallels) is at 
an infinite distance (or, oJ, ccZ, ...are parallel) only when the 
lines ABy CD, ... are parallel to w. 

A system of lines meeting in a point L project into parallels 
if «• be parallel to VL. If another system meet in My and «• be 
taken parallel to the plane VLM, the two systems project into two 
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sets of parallels. Thus, if i/, M be two vertices of anj quadri- 
lateral, the quadrilateral projects into a parallelogram on any 
plane parallel to YLM. The line LM is thus projected to in- 
finity. 

Curves, chords, tangents and points of contact project into 
curves, chords, tangents and points of contact. 

By Art. 232 the projection of a conic is another conic. 

The anharmonic ratio of a pencil P4, FB^ P(7, FD is un- 
altered by projection, for 

{P. ABGD\ = {ABGB\ = { F . ABGB\ = { F. ahcd\ 

= [ahcd] = {p . aicd]. 

Thus if P be the pole of QB with reference to a conic, p is 
the pole of qr with reference to the conic's projection. If QR be 
projected to infinity, P is projected into the centre. 

By Art. 234, given any conic X and any line BR' in its plane 
lying without it, we can choose F so as to project X into a circle 
and the line BR to infinity : or so as to project X into a circle 
and a given point (the pole of BB!) in X's plane and within X into 
the centre of the circle. 

236. By simply projecting the conic into a circle we may 
extend many theorems on the circle to the other conic sections, 
as for instance those of Arts. 88, 89, 92, 101, and Pascal's 
Theorem. Such properties are called projective. 

Again, we may sometimes make with advantage a more 
liberal use of the method, as for instance to prove tlie theorem : 
If two triangles be self-conjiigate with regard to an ellipse^ their 
angular points lie in a conic. 

Let ABG, DEF be the two triangles. Project to infinity that 
side EF of the triangle DEF which lies without the ellipse, and 
project the ellipse at the same time into a circle. Then d is the 
centre of the circle, and de^ df are at right angles. Also abc is a 
triangle self-conjugate with regard to the circle. Thus da^ db, 
do are perpendicular to he, ca, ab, since the line joining the centre 
of a circle to the pole of a given straight line is perpendicular to 
the straight line. (Ferrers' Trilinear Go-ordinates.) 
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Now a conic passing through a, I, c, and the two points e,/ 
at infinity will be a rectangular hyperbola, since its asymptotes 
are parallel to de, dfy and will therefore pass through the ortho- 
centre of the triangle oic, that is, through d. Thus a, 5, c, c2, e^f 
lie on a conic, and therefore A^ By (7, i>, Ey FXvt on a conic. 

237. When Y moves off to infinity, the lines of projection 
become parallel and the projection isometrical. There is also 
an analytical view of the connection of the isometrical and per- 
spective methods*. 

Let AB be a fixed line of reference in a plane «r, and P, P' 
any points in the plane, and let BM^ B*M* be the perpendiculars 
from B, P' to AB. Then in the isometrical projection on a plane 
n, jwn, p'm are not necessarily perpendicular to oJ, but if pn, 
pn* be perpendicular to aJ, 

pn __ pm _ BM 

pV^y^-p^M'' 

BM . 

and therefore • is the same for all points in «r. 

pn ^ 

Let X, F be co-ordinates of P referred to AB as the axis of 
Xy and to any other line in «r as the axis of y ; x^y co-ordinates 
oip referred to any axes whatever in II ; and let X', Y\ x\ y* be 
corresponding attributes of P': then if the line ah be denoted by 

oo? + 2y + c = 0, 

BM 



so that 



Y r' 

— — — — ^— — — ^^— ^■— _____^___^_____^ • 



and thus no motion of P in «j affects 



«iC + ^+C* 



• Much of this Article is due to Mr W. K. CliflTord of Trinity College, 
Cambridge. 
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Thus we may assume 

r= j^+5^+ (7. (1), 

-4„ -B,, (7, being the same for all points in w. 
Similarly we may assume 

X^A,x + Bj,-{^G, ; (2), 

A^^ B^j Cj being the same for all points in w. 

Thus the curve ^ {XY) = projects into 

il>{A^x + B^+G^, A^ + B^y+C;j^O, 

and the point XY into a point xy determined by equations (1), (2). ' 

Again, let the projection be perspective, and let fl, gn be 
the intersections of 11 with «j and with a plane through F 
parallel to «j ; so that fl, gn are parallel. Let AMB be a line 
of reference in w, and let the plane VAB meet the planes «r, Vgn 
injg, Vg. Then Vg is parallel to AB, 

Let P be any point in cr, and PM a parallel to If, and let 



^ /. 



jp, pm be projections of P, PM; so that pm^ PM^ fl^ gn are 
parallel. 

Draw Ipn parallel toj^. Then 

PM^VM^af^^gf^ 
pm Vm gm pn 
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If jP' be an7 other point in v, and letters be accented 
accordingly, 

PM' gf 
pm pn 

for g, f do not change. Therefore 

PM F'M' 



pm -r pn pm -f-jpV ' 

and is therefore not affected by any motion of P in «r. 

Let X, r, X\ r' be co-ordinates of P, P' referred to AB 
as axis of JT, and to any other line in cr as axis of Y^ and 
^9 y> ^9 y* co-ordinates of P, P referred to any axes in 11, and 
Itifgyfl referred to these last axes be 

Ix + my + w = 0, fa-\-gy •\-h = 0. 

Then 

PM Y 

P'M' " F' ' 



and 



Therefore 



pm ^ lx-\- my + n 
p'm! l'x-\- my + n * 

pn _ fx + gy + h 
p'W Jx' + gy' + h' 



Ix + my + n ' 
fic-¥gy + h 



being equal to 



Ix' + my' + n ' 
is the same for all points in «j, and therefore 



y_L^o±M^j¥N^ 

Lx^My-\-N ^^J' 



L^y M^^ &c. being the same for all points in m. 



MISCELLANEOUS TUEOBEMS AND METHODS. 223 

Similarly 

Z^ + Jtf/y + iV/ 
^■" L'x + My + N'' 

L^j L\ &c. being the same for all points in w. 

Now L\ M\ N* are, like X, Jf, N, in the proportion of /,^, A, 
for however AB be changed^ ^n does not change. 

Therefore we may assume 

If then ij, ij, ij denote 

A' A' A' 



Lx + My + N 



(2). 



And if Z7, F, TT denote 
ijaj + Jf^y + J^Tj, i,aj + JIf,y + .^^J^, Lx + My + Nz, 
^ (JT, F) = projects into 

U V 



*(f' ^) = ^' 



and the point XY into a point xy determined by the equations 
(1), (2). 

The line 

pX+qY+r = (3) 

projects into 

pU-\-qV-\-rW=0, 

which is at infinity if 

;?Jf, + jif, + rif=OJ ^ ^' 

The conic 

aZ» + SF» + c + 2a'F+2yX+2c'Xr=0 (5) 
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projects into 

alP + br* + cW*'^fta'rW'^2VWU'{'2c'UV=^0 (6). 

If Zj, J^, ... be 80 chosen that (6) may be a circle and the 
conditions (4) be satisfied, then the given conic is projected into 
a circle and at the same time a given line to infinity. Theo- 
retically the analytical operation is always possible, but our 
previous geometrical experience (Art. 234) assures us, that if the 
line cut the conic In real points the values of i/, Jf, . . . cannot 
be all real. When the projection is isometrical, L, M are zero. 



The Method of Reciprocal Polars. 
238. Let P be any point, and P its polar with regard 




to a given conic section. Then if P move to some new position 
Qj P* will move to some new position Qf. Also the point in 
which P', Q intersect, or *the point (P', C'),' will be the pole 
of the line PQ (cf. Art. 101). From Q let the moving point 
pass to R and the moving line to R. Then the point (©', R!) 
is the pole of the line QR, And so on. 

Ultimately, when the stages of the point's motion are indefi- 
nitely small, we have two curves, one described by the point 
and the other by the intersection of consecutive lines. To the 
first curve PQ is ultimately a tangent at P, and to the second 
curve P' is ultimately a tangent at the ultimate position of (P', Q) 
(Art. 83 : for the points in which P' is met by its predecessor 
and by Q are ultimately on the second curve). 

Since then, In the rectilinear figures, P and PQ have their 
correspondents P' and (P', Q)^ we see that In the curves a point and 
its tangent have a corresponding tangent and point of contact. 
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From the reciprocity of their relation the curves are called 
reciprocal "polsLTS with respect to the given conic. 

Call the curves A, A\ and let tp^ tq be two tangents to A at 
Py q. Then corresponding to^, j, the chord pq, the tangents pt. 





qty and their intersection t, the curve A has the tangents p'^ q, 
their point of intersection {p, j'), the points of contact {p, «'), 
(jr', t'), and the chord of contact t'.. 

Thus two tangents and a chord of contact * reciprocate into ' 
two tangents and a chord of contact, though not respectively. 

239. If a point P move along a straight line Q, its polar P' 
passes through a fixed point Q' *. If P describe a curve, P' en- 
velopes a curve. 

Corresponding to a triangle XYZ we have a triangle with 
sides X\ Y'y Z\ and by taking the right positions for X, F, Z 
we can thus produce any copolar triangle. 

If the curve A circumscribe a triangle, the curve A touches, 
the three sides of the copolar triangle, and if A touch the three 
sides of a triangle, A circumscribes the copolar triangle. 

The reciprocal of a conic section with respect to a conic 
section is also a conic section. Fox draw analytically any tan- 
gent to the first curve and take its pole with regard to the 
second : the locus of this pole will be found to be of the second 
degree. 

To a conjugate triad FOH corresponds a conjugate triad. 
For if OH is the chord of contact to P, the point (©', H') has F' 
for its chord of contact, &c. 

240. Now let us take the theorem : If there he two triangles 
ABC, abc, such that Aa, Bb, Cc meet in a pointy then the points 

* On the working notation of this subject compare a suggestiye note in Ferrers' 
TrUinear Co-ordinates, Chap. vi. 

T.G. 15 
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(BC, be), (CA, ca), (AB, ab) lie in a straight line (1). B7 the 
method of Reciprocal Polan we can deduoe another theorem 
fix>m this. 

For, reciprocating with respect to anj conic, we have, for 
the triangles ABC^ abc such that ... , ttoo triangles with sides 
A\ F, Cr, a', V, c', such that (A', a'), (B', V), (C, c') lie in 
a straight line. Also for the points {BG^ he), &c., we have the 
lines joining (K, C), (b', c'), dhc* These three lines therefore 
meet in a point 

Therefore, If there be two triangles such that the intersections 
of corresponding sides^be in a straight linCy the lines joining cor-' 
responding vertices meet in a point. (2) 

The generality of (2) is fi&irly established : for any case at 
(2)'s hypothesis has by reciprocation a corresponding case of 
(l)'s hypothesis, and (l)'s conclnsion, following that case, draws 
after it l^e conclusion of (2). 

241. When the conic of reference is a circle, one of the 
angles between any two lines is equal to the angle subtended at 
the centre of the circle by their poles. Thus if two lines be at 
right angles their poles subtend a right angle at the centre, and 
conversely. 

Take now the theorem : *• The circles described on the three 
diagonals of any quadrilateral have a common chord.' This, 
first expressed in the form ' At a point where two diagonals A C, 
BD of a quadrilateral ABGD subtend a right angle the third 
diagonal also subtends a right angle,* can be translated into a 
much simpler but equivalent theorem. For reciprocate with 
respect to a circle centred at the point, or (as we say) * reciprocate 
with respect to the point.' The result is found to be : 

If -4', B\ C\ n be four lines such that A is at right angles 
to C, and B^ at right angles to iX; then the line joining the 
points (-4', B'), (C, U) is at right angles to the line joining 
the points {A\ U), {B\ C); which is the first theorem of 
Art. 53. 
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242. Our curve of reference will henceforth be a circle 
and the centre of this circle of reference will be called sim- 
ply ' the centre,' and if h be its radius, we shall say that T^ is 
the * constant of reciprocation,' suppressing all mention of the 
circle of reference. The reciprocal X' of a curve X with respect 




S-A^ 
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\ 
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\ 



S. 



V 
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W 






\ 



^ 



to a point can be found in two ways. For take any point P 
in X, and in OP take y, so that OP ,Oi/ = J(?, Then X' is the 
envelope of a line through y perpendicular to Op. Again, draw 
OY perpendicular to the tangent to X at P, and in OF take p 
so that Op . Y— V. Then X' is the locus of p. 

Also as the angle Oyp is a right angle (Euclid Vf« 6), /> is 
the point where the aforesaid line through y touches its envelope 
X'. If X be a conic, so is X'. 

If OLy OM be tangents from to X, then the line 0* is at 
infinity, and L\ M* are asymptotes to X'. 

Hence if be within X, since OL^ OM cannot be drawn, 
L\ M* are imaginary, and X' is an ellipse. If be without X, 
the asymptotes of X' are real and X' is a hyperbola. If X pass 
through 0, X' touches the line at infinity and is a parabola. 

243. Let P be the pole of the tangent P' to a given circle at 
any point j. Then OP meets P' at right angles, say in Ny and 
OP. ON^lf. Draw PM at right angles to D's polar (which 

15—2 
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is a line MX perpendicular to. OD and such that OD . 0X= h^), 

Then (Art. 101) 

P{D)_0{D) 

D{P) o(py 

PM ox OP 



or 



whence 



Dq'' ON" OD' 
PM p 



PO c' 

Thus X' is a conic section having for focus and the polar of 

D for directrix ; and the eccentricity of X' is - . The semi-Iatus 

c i? 

rectum is -. OX. or — . Thus the formulae for the 'elements' 
p ' p 

of the conic are 



'=f m. 



.."- (2), 



From the tangents at E, F we derive the vertices of the conic. 
Thus the centre of the conic is at a distance 



2\c + p c-pj 



or 



le'c 



<?-p 



5 from 0. 



The asymptotes are lines through this point perpendicular to 
the tangents from to S. 
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The reciprocal of a conic with respect to its focus is a circle 
whose centre is the pole of the directrix and whose radius is 
inversely proportional to the latus rectum. 

244. As another example of the method of reciprocal polars 
we shall solve the problem : 

' A triangle is inscribed in a given conic so that the focus is 
the centre of the triangle's inscribed circle. Find the radius of 
this circle.' (Senate-House Problems, 1862.) 

Reciprocating the supposed construction with respect to the 

focus 0, we have for the conic a circle of radius -^ whose 

centre 0' is such that OO — -j- (Equations 1, 2 of Art. 243); 

for the triangle a triangle described about this circle, and for the 

circle a circle described about the new triangle with centre 

J? 
and radius — , if a? be the quantity sought. 

Th» 0, a »e centre, rf ti>e inscribed «A cbcnn-Bcribed 
circles of the new triangle, and therefore by Trigonometry 

00'»=f^"-2~.^. 
\xj X I 

Thus (f)' = fiy-l or X ^. 

245. If four straight lines meet in a point, their poles lie 
in a straight line. Also the anharmonio ratio of the lines is 
equal to that of the points. 

For let a, J, c, cZ be poles of the four lines P4, PB, PC, PD. 

o 



^---^JP 
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Then the angles OAP, OBP, OCP, ODPnxQ right angles, and 
the angles AOB, BOG, COB are (Euclid in. 21) equal to 
the angles APB, BPC, GPB. Thus the anharmonic ratio of the 
four lines through P is equal that of the four lines through 0, 
which is that of a, i, c, d (Art. 65). 

By projection we extend this theorem to cases in which the 
curve of reference is any conic. 

And by reciprocating the theorem of Art. 218, we see that 
any tangent to a conic is cut by four fixed tangents in points 
whose anharmonic ratio is constant. 



Examples on Chapter XIII. 

1. Given five points on a conic, find by a geometrical con- 
struction the tangent at any one of them. 

2. I{ A, By C, D be four fixed points and P a point such 
that {P.ABGD] is constant, the locus of P is a conic through 
A, B, G, D. 

3. Hence prove that if two triangles circumscribe a conic, 
their angular points lie in another conic. 

4. Apply the method of orthogonal projection to Exs. 17, 
18, 20, 31, 32, 41, 51 of Chap. ix. 

6. The equation to a curve referred to any triangle in its 
plane is ^ (a^y) = 0, and the equation to the projection of the 
curve referred to a triangle in the plane of projection is yjr(a/3y)=0. 
Prove that if a'/3V be the projection of any point a/3y in the first 
plane, 

<A («/97) 
^ {a'/3V) 

is constant for all points and for all triangles of reference in 
the first plane. 

6. The sectorial areas included by the lines y = 0, y^mx 
and the curve ^ + ^ = 1 are each ^tan"^^. 



EXAMPLES ON CHAFTEB XIII. 231 

7. The area common to the circle o^ +y* » 2 and the ellipse 

aj»+3y'=3is|(4 + 3V2). 

6 

8. No parallelogram circumscribing a given ellipse has a 
smaller area than one of those formed hj tangents at the extre- 
mities of conjugate diameters. 

9. In the ellipse the area of a sector whose bounding radii 
are conjugate semi-diameters is constant. 

10. A chord is drawn to a given ellipse so as to cut off a 
constant area. Prove that this chord touches at its middle 
point a similar and similarly placed concentric ellipse. 

11. rP, TQ are tangents to an ellipse whose centre is (7. 
Prove that the points T, P, (7, Q lie in a similar and similarly 
placed ellipse. 

12. A plane section of a right cone being given, the locus 
of the vertex is a conic whose foci are the extremities of the 
transverse axis of the section (Arts. 122, 145, 225). 

13. Prove that a section of the cone in Art. 232 parallel to 
a tangent plane is a parabola. 

Also investigate independently that case of Art 232 in which 
A is a parabola. 

14. From a point V a perpendicular VN is drawn to a 
given plane, in which lies a circle of centre 0, NA CB being the 
diameter through N. 

Prove that the cone whose vertex is V and directrix this 

AVB 
circle can have no section of greater eccentricity than sec — -z — , 

and that if VN' be drawn in the plane VAB making the same 
angles with VA, VB that VN makes with FP, F-4, sections by 
planes at right angles to VN' are circles. 

15. Prove by projection the Theorem of Chap. V. Ex. 22. 
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16. Given four points on a conic, the locos of the pole of a 
given line is a conic passing through the four points (Chap. xi. 
Ex. 87). 

17. Apply perspective projection to Pascal's Theorem. 
Are all possible cases of the theorem accoonted for in this proof? 

18. Assuming the proposition of Chap. v. Ex. 23, deduce 
the converse. 

19. Deduce a property of the circle from Euclid iii. 31. 

20. Prove from the properties of the circle that if parallel 
tangents be drawn to a conic the rectangle under their distances 
from the focus is constant. 

'21. Into what does the normal to a curve at a given point 
reciprocate? and what answers to a pair of conjugate diameters 
of a conic when the conic is reciprocated into a circle ? 

22. Translate Chap. Viii. Ex. 30 and Chap. X. Ex. 40 into 
propositions on the circle^ and Chap. X. Ex. 30 into a propo- 
sition on the parabola. 

Deduce fr6m the circle the parabolic property in Chap. xii. 
Ex. 12. 

23. If six tangents 1, 2, 3, 4, 5, 6 be drawn to a conic, the 
lines joining the points 12^ 23, 34 respectively to the points 45, 
56, 61 meet in a point (Bbianchon's Theorem). 

24. Confocal parabolas which have their axes coincident 
intersect at right angles if they intersect at all, and the focal 
distance of a point of intersection is an arithmetic mean between 
the semilatera recta. 



CHAPTER XIV. 

CURVES OF HIGHER DEGREES. 

246. It has been implied in Arts. 21, 54, 100, 103, 177, that 
Analytical Geometry can deal with curves whose equations are of 
higher degrees than the second. Such equations have also ap- 
peared in the examples, as results of experiment in cases where 
loci had to be found, as for instance in Exs. 12, 13 of Chap. viii. 

In Ex. 7 of Chap. vii. four equations were given as subjects 
for the application of Art. 100. Of these (1), (2), (4) are of the 

V OS 

2nd, 3rd, and 6th degrees. The equation - = sinT-j like all 

equations that cannot be reduced to an algebraic form that is 
finite, rational, and integral, is called transcendental. 

247. It is convenient to notice here certain properties of 
algebraic equations. The symbol = is a modification of = and 
denotes identical equality, so that if we use/ (a?) as an abbrevia- 
tion for some expression involving a;, we say that /(a?) = that 
expression. 

Let f{x) =jp^^+p^x'''^ + p^+... +p^ = (1) 

be an equation of the n^ degree involving one variable x. This 
equation has n roots real or imaginary. 

If imaginary roots occur, they occur in pairs: e.g. if 

3 + 5 V— 1 be a root occurring 7 times, 3 — 5 V^ is also a root 
and occurs 7 times. If n be odd, there is one real root at least 
Also if a root a occur r times, f{x) is divisible by (x — a)*". 
And generally, if a^, a, ... a^ be the roots, 

f{x) =;?, (a?- aj («-«,) ... («- O- 
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Thus Of, + «,+ ... + «, = --*, and ajor ot^ = (-1)" - . 
* • P% Po 

If p^ss 0, one of the roots is zero, K p^^ = 0, two of the 
roots are zero. If the lowest power of x in the equation be the 
r*", r of the roots are zero. 

Again, - is found from the equation 

in which, if p^, ^j, ... p^^ vanish, r roots are zero. Thns, if the 
coefficients of the r highest powers of x in (1) be indefinitely di- 
minished, r of the roots become infinite. Anj quadratic equation 
may be looked on as a cubic equation with an infinite root. 

248. When we use a functional notation, such as /{x)f 
^ {x, y) and the like, it is to be understood, unless the contraiy 
be stated, that the fiinction is algebraic, rational and integral. 
Also a factor of a function is understood to involve a variable. 
Thus we do not say that 2iB" + 4y* — 6 breaks up into two factors, 
although 2 divides each coefficient. 

Let ^ (a;, ^) ss be an equation of the w*** degree in two vari- 
ables Xy y. It is a proper equation of the w*** degree or an im- 
proper equation of the n*^ degree according as (a?, y) does not 
or does break up into factors. Thus 

ay = aj + y-2 

is a proper equation of the second degree, and 

is an improper equation of the second degree. 

249. To find all the pairs of values of x and y which satisfy 
the simultaneous independent equations 

0(^,y) = o (1), 

^a? + %+C=0 (2), 
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we may eliminate y and determine the values of x from the result- 
ing equation 

^(.._^)=0 (3). 

If (1) be of the ri^ degree, so is (3). Thus there are n values 
of a;, real or imaginary, and for each value of x the linear equa- 
tion (2) gives the value of y. The number of solutions of the 
system (1), (2) is therefore w. 

If -4a? + -By + (7 had been a factor of (a:, y) = 0, then (1), 
(2) would not have been independent, and (3) would have been 
an identical equation. 

250. If -^ (a?, y) = (1), (a:, y) =0 (2) be simul- 
taneous independent equations of the w*** and v^ degrees, the 
number of solutions^ real or imaginary, of the system is mn. 
The equations are certainly independent if each be proper; they 
may be independent though each be improper: but if -^ (a;, y), 
^{Xy y) have a common factor, the number of solutions is 
infinite ; for any pair of values of a;, y which make that &ctor 
vanish are a solution. 

251. Eetuming to Art. 249, we see that the straight line 
represented by (2), if it be no part of the curve represented by 
(1), intersects that curve in n points, real or imaginary. If two 
values of x in (3) be the same quantity a, two of the n points 

coincide at the point fa, ^ — )• Thus either the line 

touches the curve at this point, or the point is a double point 
on the curve (see Art 83). 

If r values of a: in (3) be a, the point [a, ^ j" J niay 

be a multiple point of the r^ order. 

If P be a multiple point of the 5th order on a curve of the 
11th degree, a line drawn through Pwill in general meet the 
curve in 6 other points, real or imaginary. Suppose the line 
moved about P to a position in which 4 of these 6 points have 
moved up to P. Then the line has contact of the 4th order 
with the curve at P, and meets the curve in two other points. 
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If r values of « in (3) be a, the point P may be a multiple 
point of the r*"*, (r — l)*"»,..3rd, or 2nd orders, or may be no 
multiple point at all ; and in these several cases the line is no 
tangent, or has contact of the 1st, 2nd.,, (r — 2)*"* or (r — 1)* 
orders with the curve, respectively. 

252. Again, the curves represented by the independent 
equations (1), (2) of Art. 250 have mn common points, real or 
imaginary. 

Suppose one curve to pass through a multiple point (a, /9) of 
the^*** order on the other, then p of the solutions of (1), (2) are 
x = a^ y = fi. If the point (a, )9) be a multiple point of the^*** 
order on one curve and the q^ order on the other, then since 
each branch of the second curve meets the first curve in p coinci- 
dent points, the point (a, ff) counts as pq intersections^ and pq 
solutions of (1), (2) are a; = a, y = )8. If the curves have contact 
of the r^ order at (a, )8), then r + 1 solutions of (1), (2) are a? = a, 
y = )8. For instance, if P, ^, iZ be three points on a curve, and 
if, P remaining fixed, Q^ R move up to coincidence with P, the 
circle PQR becomes ultimately the circle of curvature at P. 
Since we may suppose Q's motion to be completed before JJ's 
motion begins, a circle passing through R and always touching 
the curve at P will be the circle of curvature at P when B 
has moved up to P. 

Or, since two touching curves have a common tangent at the 
point of contact, we may substitute for the words * touching the 
curve at P,' touching at P the tangent to the curve at P. 

253. If the curve F {xy) = pass through the origin, then 
since P(0, 0) == 0, there is no constant term in F{xy). Suppose 
F{xy) =ax + hy + terms of 2, 3 ... n^ dimensions {which we may 
denote by 0a (^)> ^sC^) ••• 0n(^^)}' Then the polar equa- 
tion is 

= {al-^- bm) r + <t>^ {Im) .r'+ 0j, (Im) / + ... 

+ 0nW^ (1). 

This equation determines the n values of the radius vector 
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drawn in any given direction [Z, m]. Two values of r are 

zero if 

al+hm = (2). 

That is, (2) is the polar equation to the tangent at the origin. 
The Cartesian equation is 

ax + hy = 0. 

If a and b be zero, then for antf given direction two of the 
roots of (1) are zero, that is, the origin is a dovbU point. If 
however we move the radius vector into a position in which 

^,(^,^) = (^, 

then a third value of r becomes zero, and the vector-line is a 
tangent. That is, (3) is the polar equation to the tangent-lines 
at the origin. The Cartesian equation is 

0,(03^) = 0. 

And generally, if 

= 0^ (xy) + terms of higher dimensions + ... + 0„ {xy) 

be the equation to the curve, the origin is a muUiple point of 
the r^ order, and the r tangent lines at the origin are given by 
the equation 

This is the principle enunciated in Art. 100. 

254 Let the terms of lowest dimensions in an equa- 
tion be 

Aa? + Bf-\-2Gxy, 

so that the origin is a double point. The tangents at the 

origin are 

Aa^ + By' + ^Gxy^O. 

Ji (P > AB, these tangents are real. If (7* — AB they 
coincide, and the origin is a cusp. If <7* < AB they are ima- 
ginary, and the origin is a conjugate (or isolated) point on the 
curve. 

To determine the nature of a curve at any point we have 
only to transfer the origin to that point. 
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£x« The curve 

has a treble point at x^O, y =» 1, since when that point is 
origin the equation is 

255, To find the circle of curvature of the curve 

0-a«+2y + -4a:^ + 2V+2Clry + ... + ^, + ^^ + ...^....(l) 

at the origin. 

Let o> be the angle between the axes. 

The equation 

= ax + iy + X(a^ + 2a:;yco8o + ^ (2) 

can by varying X be made to represent any circle touching (1) 
at the origin. 

Now all values of x and y which satisfy (1) and (2) satisfy 
= (^ - X) a5«+ (5-X) y'^- 2 ((7- X COS©) ay 

+ *« + 04+- + ^. (3). 

Therefore (3) represents a curve passing through the common 
points of (1) and (2). Two of these common points are at 0, 
and accordingly, is a double point on (3). A third common 
point will be at 0, or (3) will be (l)'s circle of curvature, if 
ax + hy^O be one of the tangents to (3) at 0. That is, if 
ft : — a be one of the values of a; : y in 

(^ -X) a? + (5- X)/ + 2 (C-X cosw) ay = 0, 

or, if 

Ab* + Bc?-2Cab 

""a' + 6' + 2a4cos(!D' 
then the centre and radius of the circle can be found. If © = - , 



the centre of curvature is at 



2 



X ^y ^ cf-^-V 

a""&'"'"2(^y + jBa'-2(7aJ)' 



J 
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and the radios of curvature is 

2{AV+Ba^'-2Cab)' 

The radius of curvature at any point of any algebraic curve 
is found by transferring the origin to the point*. 

256. The equation for determining the length r of a line 
drawn in direction \l, ni] from the point hk to meet the curve 

f{x, y) = A^x''+ -4jaj**^y + ... + -4^" + terms of lower dimensions 

... +aa? + Jy + c=0 (1), 

is found by writing h + lr,k + mr for a?, y in (1). This equation 
is of the v!^ degree in n The coefficient of r^ is 

Ajr + AJT'^y + . . • + -4,m", 

or ^ (Z, wi), if («, y) denote the terms of highest dimensions in 
(1). The coefficients of lower powers of r may involve A, ^ as 
well as ?, w. The constant term is /(A, Tc), Thus we may 
write the equation for determining r 

r''.<f>(ljm) + f^\yjr^{l, m, A, k)+7^y^^{l, m, A,i) + ... 

+ Hr,.t (?, w, h, h) +f{h, *) =0 (2). 

Of course some of the coefficients '^^^ y^^ ... -^^^ may be 
zero. 

* When the origm is transferred to the point s^ of the curve 0(a^)=O, the 
equation heoomes, X, Y being cnirent ccMudiziateB, ^{X-^x, Y+y)szO^ or, 
since {s^)=^0, 

X, T. 

Thua the radius of curvature of ^{xi/)=0 at the point ay, the axes being 
rectangular, is 

\dy) * da^ \dx/ ' dy* dx* dy ' dxdy 
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The product of the values of r is (- l)\-(5W • Thus if 

Py P' be two points xy^ xxf from which are drawn parallel 
lines meeting the curve in Q^, Qn ... Q^ and Q/, Q/, ... Q^ 
respectively, 

P(?..P(?....P<?, _/(ay) 

The /(ipy) of any point varies, therefore, as the product of 
the n radii drawn from the point in a given direction to meet 
the curve. When a point crosses the curve its/(a!;y) changes 
sign (compare Arts. 176, 177). 

257. Let be a double point in a curve where the branches 
AOBy COB cut each other. These divide the space about 



into four compartments, AOB^ BOB^ BOG, CO A. A point 
crossing the curve at crosses either between the first and 
third compartments, or between the second and fourth, or tan- 
gentiallj. 

In the first cases the point crosses the curve twice and there- 
fore its {xy) does not change sign : that is, {xy) has the same 
sign in A OB as in BOCj and the same sign in BOB as in CO A. 
The third case shews that these signs are opposite. 

Thus on a given line through the function /(a?y) is gene- 
rally a maximum or minimum at 0, and, in keeping with this, 
at the point 

dx ' dy 



J 
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258. A point of inilexion on a curve is a point where the 
cui-ve both touches and crosses the tangent line. 




If P be such a point, then of the points in which the curve is 
met by a line RPQ differing slightly in position from the tan- 
gent at P, two points jB, Q are near to P, and move up to coin- 
cidence with P as RPQ moves into the tangential position VPU. 
Thus if the line Ax + By+ G touch the curve tj) (pcy) at a point 
of inflexion x^y^ , three roots of the equation 

Ax+G\ ^ 



./ Ax+C\ 



are x^. The converse, however, is not necessarily true. Of the 
curves a?* = a*y, x*=:a^^ the first only has a point of inflexion at 
the origin. 

269. If a curve of the third order have three points of in- 
flexion, they lie on a straight line. 

For let D,E,FhQ the three points, and BG, GA, AB the 
tangents at them. And let x^^y rc^y,, xj/^ be the co-ordinates 
of Ay By Gy the equation to the curve being (a:, y) = 0. Then 
by Art. 253 

BD.BD. BD . „ f(aj,yj 

CD.GD.GD ^^^^^^y = T^i ' 

Similarly f-jgj , f-gw) are numerically equal to Jf^^ 

f{x,y,) . BD GE AF ^ , . , 

7^' and so—.—. — ^i, and as the curve can only 

once cross a given side of the triangle Ay B, G, the points J9, Ey F 
T. G. 16 
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lie all or one in the sides produced, and therefore D, E, F lie in 
a straight line (of. Art 217). 

260. We return to equation (2) of Art. 256. 

Suppose that when the line is drawn in directiAi \l^ in J two 
of the values of r are r^. It does not follow that the line 

a; — A y — j? 

touches the curve at the point (h-k-l^r^f i + wi^rj, for that point 
maj be a double point. 

Again, if the direction [Xft] be such that ^ (X, fi) is zero, one 
value of r is infinite. Bj giving to the ratio I : m any one of 
the n values determined from the equation <f> (Z, m) = 0, we ob- 

tain a line — j-~ "^ meeting the curve in n points, of which 

one is at infinity. For instance^ the lines <f> {xy) = 0, which 
are all drawn through the origin, are the directions of ^ the points 
at infinity ' on the curve. 

Suppose both ^ (X/^) and -^^ (X, /a, A, X;) to be zero. Then two 
values of r in the equation for r will be infinite, and of the n 

points in which the line — r — ^- meets the curve, two 

will be at, infinity. It does not follow that the line touches 
the curve at infinity, or in other words, that the line is an 
asymptote, for the curve may have a double point at infinity. 
For instance^ let 

so that the equation for r is 

?wi' . r* + 2lm {Ik + mh) r' 

+ [{Uc + mhy + i^hk-a' ^b') lm}f^..... ,(1), 

+ (?A + wA)(2A&-a*-y)r+(AA-a'^(AA-J^=0. 

If we write 1, for ?, wi, that is, if we draw the line parallel 
to the axis of x, this equation becomes 

0./+0.r'' + A».r'^ + A(2AA-a'-J*)r 

+ (AA-a») {hk-'b') =0., (2); 



.., — ■ 1^ "^fc*^ 
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but the Kne y — A; = is not an asTmptote. For the curve is 
not a proper curve of the 4th degree, but consists of the two 
hyperbolas xy = c?y ary = J*, which being co-asymptotic have 
double contact at infinity. The points of contact are double 
points on the compound curve, and evet^y line parallel to a co- 
ordinate axis passes through one or other of these points. In 
order to get a tangent to the compound curve at one of these 
points it is necessary that in (1) three values of r should be 
infinite ; that is, h must be zero : or, the line y = is an asymp- 
tote. 

If we look upon A, A; as ' current' co-ordinates, we get the 
equation to this asymptote by equating to zero the coefficient 
of r" in (2). 

Similarly a; = is an asymptote. 

All possible directions of asymptotes of a curve are com- 
prised in the equation <f> {I, m) =0. Let (X, fi) be a direction 
hence chosen. 

In the equation to the curve write a? + Xr, y + fir for x, y, 
and in the result equate to zero the coefficient of the highest 
visible power of r. 

This last result is the equation to the asymptote or asymp- 
totes in direction [X/i]. 

Ex. (1) a?+y' + Saxy = 0. 

Here (Z, wi) = ?* + m' = if Z + m = 0. Then the equation 
for r is 

{x + Xr)'+ (y + /*r)*+ 3a {x+\r) (2/ + fir) 

= Sr^ {x\^ -\- yfi^ + akfi) + ... = 0. 
Since X + /Lfc = 0, X' = /a' = - X/x. Thus the asymptote is 

x + y = a. 
(2) a;«-y»aj-iy*-a' = 0. 
Here (Z, m) = Z' - lm\ 

-^^j (Z, m, X, y) = ZV^x - m^x - 2lmy - Im^. 

* 16—2 
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If weiuppoee 

Thus « ± y — s ■* ^ 

are asymptotes in direction 

If X = 0, then 

therefore a; + & » is an asymptote. 

If in the equation /(ay) = 0, y becomes infinite when a? has 
the value a, then a? = 5 is an asymptote. Similarly if when y 
has the value h, h is infinite^ y « £ is an asymptote. We leave 
the proof to the reader. 

Thus the curve 

has the line x^a for an asymptote. 

261. A curve whose equation is of the third degree is called 
a cubic. 

The general equation of the third degree contains 10 terms. 
If we have given 9 points on a cubic we have therefore 9 homo- 
geneous linear equations for determining the 9 ratios of tlie con* 
stants. Such a system of equations, if they be independent, 
admits of one and only one solution : in other words, a cubic 
is, in general, uniquely determined by 9 points. 

The general equation of the n^ degree contains ^ 

terms, and thus a curve of the n^ degree is in general uniquely 
determined by ^ — - points. 

The datum of one point enables us to eliminate one of the 
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arbitraiy constants in a curvets equation. And any datum may, 
by counting the number of constants it enables us to eliminate, 
be reduced to the form of points. Thus the focus of a conic is 
equivalent to two points, for the general equation to a conic 
with focus ^t a given point (aj b) is 

involving three constants. The centre of a conic is equivalent 
to two points, for when the given centre is origin the equation 
involves only three independent constants. 

262. Since any two cubics have 9 common points, it is 
clear that these 9 points are not sufficient to determine a cubic 
uniquely, for the cubic in question may be either of the two 
cubics aforesaid. Nor indeed do they determine a finite number 
of cubics, for if 

^=0 (1), 

f=0 (2), 

be the first two cubics, the injbtity of cuWca obtained by giving 
different constant values to X in 

C+XF-O (3). 

pass through the same nine points. 

Suppose 8 points given on a cuHc Draw any two cubics 
through these 8 points and let P be their 9th common point. 
Then as an infinity of cubics can be drawn through the nine 
points it follows that of the cubics through the 8 given points 
an infinite number pass through a 9th point which can be pre- 
dicted. It does not immediately follow that they dH pass through 
this 9th point, though that seems to be true. 

If the two cubics through the 8 given points be improper 
and have a common part, P may be any ninth common point 

263. We conclude this chapter by tracing the curve 

^ (a: — 4a) = oa? (a? — 8a) 
from its equation. 
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We suppose a positive. Writing tiie equation in the form 

m_ ax{x — 3a) 
^"" x-Aa ' 

we see that when x^ia^ y is infinite. Thus x = Aa is an 
asymptote. It will be found that this is the only asymptote. 

The curve is symmetrical with respect to the axis of sOf fi>r 
the equation involves no odd power of y. 

The curve passes through the origin, and the line x^O is sl 
tangent at the origin (Art 100). 

t^ is negative when x is negative, positive firom a; » to 
X =s 3a, negative firom a; = 3a to a; = 4a, and positive firom x = 4a 
to a; = 00 • Thus the curve lies partly between the lines x = 0, 
X sss 3a, and partly on the positive side of the line a; = 4a. 

Approximately, when x is very ^reat. 

Thus y' = oo; + a' is a parabolic asymptote. 

The y* of the curve is greater than that of the parabolic 
asymptote. This determines the side of the asymptote on which 
the curve lies. 

The line a; =s 3a is a tangent at the point x = 3a. To prove 
this we may transfer the origin to that point, or simply observe 
that corresponding to this value of x two values of y are equaL 
The third value is infinite. 

The branch between x = and a; = 3a is an ovaL The rest 
of the curve consists of two infinite branches. 

Solving the equation with respect to x we have 



3a' + y'±V(y'-9a')(3^-a^) 



2a 



Thus the lines y' = 9a^, y' = a* are tangents to the curve. 



J 
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The first pair are an interior limit of the infinite branclies ; 
the second pair bound the ovaL 

This example is taken firom Hjmers* Conic SectianSj from 
which also have been selected some of the examples at the end 
of this chapter. 




Examples on Chapter XIV. 



1. A curve of the third degree cannot have a double tan- 
gent, nor two double points^ nor two ovals, nor an oval and a 
double point. 

2. A curve of the fourth degree cannot have four double 
points, nor four ovals, nor, together with one, two, three double 
points, ovals three, two, one. (See Art 184). 
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8. The oude 

«^ + ^-10aa:H-4ay-8fl?-0 

baa contact of the 3nd order with the carve ^ ^ lax at the point 
(a, 2a). 

4. Find the equation to the paraboU which* has contact of 
the third order with the conic 

a? + 2aay + fty* + 2cy = 

at the origin. (Salmon's Conic Sections, Art. 244.) 

5. If a, &, c be in ascending order of magnitude, the curve 

y» = (a; — a) (a? — ft) (x-^c) 
consists of an oval and an infinite branch. 

What becomes of the oval (1) when h decreases to equality 
with a, and (2) when b increases to equality with c? (Salmon's 
Higher Plane Curves^ Art. 32.) 

6. The curve 

has a double point at (1, — 1). 

7. The curves 

f^aaf, j^ = aa^, 

have each a cusp at the origin, and the radii of curvature at 
that point are respectively infinitely great and infinitely small. 

8. Prove that if 0, Q be two points on a curve, and QB 
a perpendicular to the tangent at 0, then the limiting value of 

2y» when Q moves up to and coincides with is the diameter 
of curvature at 0. 

9. Find the radius of curvature at any point xy of the 
conic 



•< * 
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and prove that if TF be any point on the diameter DLty the chord 
of curvature at P in direction PW is -p^ • 

10. The locus of the centre of curvature at any point of 
the parabola ^ = ^ax is the ^ semicubical parabola' 

27a/ = 4 (a? - 2a)'. 

Where does this cut the parabola? 

11. The sides A^A^, A^A^ ... A^^ are met hj a curve of 
the n^ degree. If P {A^ denote the product of all the n seg- 
ments of the side A^A^ that are measured from -4^, &c., then 
numerically 

(Camot's Theorem.) 

1 2. The origin and the points where a? = + a V3 are points 
of inflexion on the curve 

13. Find the asymptotes of the curves 

(1) y'(a?-2a) = af-a', 

(2) xf'^a?y^a, 

(3) 4a?'=(»+3a)(aj' + 3f^. 

14. A curve of the n^ degree cannot have more than 
n asymptotes. 

If the sides of the triangle of reference be asymptotes of a 
oubie^ the equation to the cubic is of the form 

a)87 + fa + m)8 + n7 = 0; 

and the three points where the curve cuts its asymptotes lie in 
a straight line. 
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16. Prove that where x ia very great the curve 

^ * a: - 2a 
nearly coincides with 

and hence find the asymptotes and trace the carve. 

16. Prove by solving the equation with respect to t^ that 
the curve 

(y-aJ^(aj-l)(a:-|) = 2(3^ + 0: (a:-2)}« 
is bounded by the lines 

* — 10' *"2- 

Prove also that it has three double points and four double 
tangents. 

17. On the radius vector of a straight line are taken two 
points at the same given distance from the radius vector's ex- 
tremity. Prove that they lie on the same algebraic curve, to 
which the given line is an asymptote. 

18. From a given point a line is drawn meeting a given 
curve of the n^ degree in Pj, P,, ...Pn» In this line Q is 
taken, such that 

111 1 



OQ OPJ OP^^ ''' ^ OF,' . 
Prove that the locus of Q is a straight line. 

19. If a line be drawn in a given direction in the plane of 
an algebraic curve the locus of the centre of mean position of 
the points in which the line meets the curve is a straight line. 

N.B. The centre of mean position of the points Xiy^, Xgy^.^x^y^ is the 
point 

n ' " n 



J 
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20. The comer of the leaf of a book is doubled down so 
as to form a triangle of constant area. Shew that the locos 
of the comer is the lemniscate 

i^^a^ sin 2^. 

21. Assuming that all cubics passing through 8 given points 
pass also through a 9th, deduce Pascal's Theorem. 

22. Trace the following curves: 

(1) The four-cusped hypocycloid a^ + y* = a*, 

(2) a?+jt^a\ 

(3) The cardioid r = a (1 — cos ^, 

(4) The conchoid r = a-\'b cosec 0, 



(5) (tan?)V(tan|y=l, 



and prove that the curve 



r = a + | 



has a circular asymptote. 



ANSWERS TO THE EXAMPLES. 



CHAPTER L 

1. (l)r=^, tf=j. (2) r^JZ, tf = ir + taii-*2. 
(3)r=-3, tf = 0. (4)r=4,tf=:^^ (c£ Ex. 12). 

2. (l)aJ = s/3, y = l. (2) a:=l, y«0, (3) a:«^^, y = i . 
(4)aj = -l, y = 0. 

3. JU5) 2^2 + ^17 + ^/13. 4. |. 

5. Fori), aj=:^i^, y = ?^ij^. For the middle point of ^i^, 

2a;, + a^ + a;, 2y^ + y, + y, a?x + «. + a?a y, + y, + y. 

4 • ^ 4-0. 2 , - 

(symmetrical expreadons). ^ |* |i J b'-i-6'-^2bc cos A 

11. Q moves from ^ to an oc and from an oc to ^. 

12. The point {(- 1)' r, mr + 6}, n being any positive or negative 
integer, or zero. 

CHAPTER II. 

1. It can be reduced to (a* + y* — a')* + 27a'y'a* = 0. 

5 5 (7 G Q 3ir _j/ m 57r 

^- 2' "3^ "I' "5- ^- T'**"" ("9' 6"- 

4 -± J_. -J- A. _ 2 1 . 73 1 
V2' 72' 75' 75' 7^' 75' "X' 2^ 
I, n/!. , _gL_ / . 9 f 

2 2 ' TT^T?' 7/-:^' 7rT7' :;F^' 

^ A 

Jj% ^ ^ ' J a'-^-B^ * (/and -i are supposed positive). 



7. «; H, tan 



2' 2* Acoato-B' 



8. (Ex, 5). 
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^ 2 I ^ 



^5 + 2^2 J5 + 2J2* B ^A 

1 



9. r(coBtf-8intf) = 3; ^.aj-y + 10==0. 

10. The point lios on the line. 

CHAPTER III. 
1. (-33, 3g). 2. The point is (-7, -3). 

4. aj-y = 3, aj + y = -l. 5. y-* = m(iC-A). 6. « = y. 

7. (1) - = f. (2) a: + 5y + 3 = 0. (3) x^4t. (4) y = 0. 

ft ^ 6 12 o * -il A 7 

8. -—,-—: -7^ . 9. tan"' = : 0, -7= , 

72' 72' 72 7' 'yio 

11. 2a;-3y = d, 3a?+2y + 2 = 0. 

/ (ad-- hcf 

12. (a-c)a: + (6-cOy = 0; ^J (n-cy + {h--df ' 

14. tan-*3V3j 5«-7y = 12. 17. «-y«0, « + y=0. 

19. aj"+yc=c*. 20. «y = -|. 

21. («" + y^'-a«(a«-y*)- 

23. The expressions substituted for x^ y are ahoays linear. 

24. 3y» = 2% + 2a:). 

25. aj = a/cosa+y'cosj3, y = as' sin a + y' sin j8 (Art. 26). 

^^' *> / 1 \ ' 27. Art 34; equal and opposite 

inclinations to OY, 28. a; + y cos cd = A + ^ cos o>. 

29. Take AB, AC for axes. If AB=c and AC = b, the equa- 
tions to FG, KBf AL are then 



X 



/I 1\ y , a? /I 1\ , a: y 



33. If ii; + Bm = - be the type of the given lines, then the 

T 

locus is the straight line -=2(ii). l-^%{B),m. 
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34. C£Art36. 35. ll»-22y + 25 = 0. 

36. If x^y^, x^y^ be opposite comers of a paxaUeLogmm whose 
sides are parallel to the axes, the other comers are x^y^^ a%y, • 

37. y=3, y-^-xJZ^Z-^JZ. 

38. A case of Chap. v. Ex. 23. - AL, BM, CiTmeet in 

y f ^ "ff ^ 



«+?_! J5-+y 1 



The straight line is^+ -pjr- + ^5f^ 



= 0. 



39. Ex. 34. 



CHAPTER IV. 

1. (1) The lines « -a, 07 + 0. 

(2) Thelines aj-a + ,y^(y-6), aj-a-,/^ (y-6). 

(3) Thelines «-a, y-6. (4) The lines y + 3a;, y + «. 

(5) Two coincident lines y + ^x, 

(6) The lines « = a, x-<k^ — ^^ , x-a -^ . 

2. (ac'-a'c)«=4(a6'-a6)(5c'-6'c). Art. 32, (1). 

5. They bisect the lines joining the point (^, vmt) to the 
points (fr, wV), (- fr, - wV), 

ila;+^y + g /it' + ^' 

8. It is given that a6c + 2a'6V - aa'» - »'■ - cc'* = 0. 

9. Yes, two coincident straight lines. 10. -^ • 

11. / and ^r cannot be so determined. (Ex. 7 & Art. 50.) 

(c-(y)(c-c') 



13. 



w 2ir 

It represents the lines tf=0, ^ = -5, ^ = -q"« 

o o 



14. Arts. 12, 38, Euclid vi. 3. 

15. Ax^ + By^ + (7 : Ax^ + .^y, + (7. 

17. By Ex. 16, four straight lines through the intersection of 
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Ute given lines (four, if the division may be either internal or ex- 
ternal and the order of comparing the segments be unfixed). 

19. The locus is & finite straight line: areas are not subject to 
sign. 20. A straight lina 



2. 



CHAPTER V. 
2A 2A 2A 

3a ' 36 ' 3c • 

3. la + mP + ny = l/+mg + nh; (am - 6Z) j8 + (aw - cZ) y = 0. 

4. -aa + 6j8 + cy = 0; 6j8 + cy = 0. 

6. The line is parallel to j8 cos ^ — y cos C. 

6. l{m'n-mn') + F{mn-mn') + r{Tnn-mn) = 0. 

8. «i(i8,y.-i83y,) + a,(^3y,-Aya) + «a(^«7,-^i7.) = 0. 
Q X -1 (wn'-^?»'w)8in^+(wr-n'^)sini?+(?m'-rm)sin(7 

(by Cartesian co-ordinates). 

10: i8 + y-o = 0, y + a-.i8 = 0, a + jS-y^O. 

"• ^^^T?^' ^4^' ^^^^'' ^'^•^" '^•^« ^ ^« 

given points and n^:n^ the given ratio. 
_2A ^_2A 

13 lj^=_J^=^_i^ 
10 -9 ^ 19/' 

a o ' ' 

17. ALy BM, ON are wi? + wu;, nw-¥lu, lu + m/v; OA^ OL are 
mv — nwy 2lu + mv + nw, 

18. Ex. 14. 

19. AM=. -?^, ^iVr= ^^ ; distance from A 

ci — an oC — am 

sin^ 






1 1 2cosul 



J[Jf» AJV' AM. AN 

20. ZiLD may be made the triangle of reference and N assumed 
to be the point h. = mj8 = wy. 

21. mv-k-nWj nw + lu, lu+mv are AC, LM, BD, Let LM 
meet ^ C, ^2) in i?, ^. Then mv — nw, nw — Itb, lu — mv are CT, 
LN, BR, which therefore meet in a point Pi lu — 2mv + nw, 
2lu^mv-\-nw, lu-mv-\-2nw are FM, RU, TW, if Z7, W be , the 
intersections oiBL, CT; CL, BR, 



256 AN8WEB8 TO THE EXAMPLES. 

SS. If P be a point ^A» then the oo-ordinateB of any point A' in 
AP are proportional to/+ — . V 5'> ^ if X = FA' : A'A, Ac. (Esl 
11, and Art 73). 

23. Let ALf BM, CiiT meet in la=mfi = ny; the straight line 
is la-^mfi-^ny, 

CHAPTER VI. 

4. «■— a if a>ir and <0. 

K i^no /2A-* 2*-A\ /J?TWn? 

5. 60;^^^-^, -^j; ^ g 

■ 

9. .^Z^ = ?'Z_* 10. C£ Badid III. 21. 

12. «coso + ycoso = <j, 13. (ila + J?6 + G)* = {^' + -5") c*. 

14. Yes, at the origin. 

15. Determine n so that y = mx + n may tonch the cxrole. 

16. Take re* + y* = c* for the circle and y = for the diameter. 

17. xx' + yy' = 2a{X'^x). 18. aa'+yy +2oos«(aJ/+y»')=<^• 
19. A circle concentric with the square. 

20. AB is divided harmonically. 

23. a;-2y = 9; (9, 9). 24. a = r cos (tf ^ a). 

25. The line joining the centre to the fixed point is a diameter. 

1 acos0 
27. Use equation (2) of Art. 93. The locus is - = ,_^ « . 

29. A cii*cle : use equation (2) of Art. 93. 

30. A circle. The circle becomes a straight line. 

31. A circle tiuongh : the diameter throngh is perpen- 
dicular to the lina 

CHAPTER VIL 

1. Without. 2. The distanoe between the cenia*es 

is the sum or dilSerence of the radii. 



ANSWERS TO THE EXAMPLES. 257 

3. {a A - 0^7 + (a ^- aK)' = {a'jA'+£'--4:G * ajA'^+B^^4:Cr)\ 

4. If AB = c and AC=b, the equation is 

as* + ^ + 2x1/ cos A- ex + by, 

5. Assume for the equation a* + y" + Ax + By + C = 0. There 
are three equations for determining A, B, G. 

6. Ax^■By + 2G^0. 7. (1) a{y-¥y')=^2xx. 

(2) a'{y-^2y') = ^x'^x. (3) ?^«cos^.^^. 



(4) ^+-^ = a*. 11. a = 6 = 



c 



^0.' ^y coso, 

13. The equation for determining the given ratio ^ : ^ is 
(aj'» + y'*-c") Z" + (aj* +y'-c«) r + 2 {xx' + yy'-if) U = 0. 

Compare Art 179. 

14. " and prove that... " : first prove that L is the pole of MN\ 
then similarly M is the pole of NL', therefore (Art. 101) iV^ is the 
pole of LM, 

CHAPTER VIII. 

1 

1. a:" + y« = g(a:+y-l)". 

2. y—x = a, y + x = a; x + y = ^ x-y = 3a, 

4. The equation is x = y, 5. DO*'; 90^ 

17 
10. The focal distance of the point (4, - 2) is -^ : the normal 

* 

4cE ^CIC 

14. The equation for the ordinate is y* y + — =0. 

mm 

15. Within. 16. The vertices are (- 2, 3), (2, - 3) ; the 
foci are (- 1, 3), (1, - 3). 17. y"= 6aj. 

18. Jx + Jy = J 2a J 2. 21. The ratio, ^ : r is found 

from (y'« - 4aaj') P + (y' - iax) P + 2ir {yy' - 2a xT^') = 0. 

22. rJ-^. 23, 16a-. 

T. G. 17 
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24. One form is r sin' = 4a (rin + cos 0). 26, 27. The m of 
the normal from off/ is found from y -mai -^^wnh — arrf. The 

viduesofmare-^.-^, .^. 

2a' 2a' 2a 

28. Eliminate «,y from ^= ?C, y'*-2a(«+ A), y'» = 4aa?'. 

29. The parabola ^ » 2a (a; ~ a). 30. Use polar co-ordinates. 

32. When h is indefinitely increased, the curve tends to become 
tvo parallel lines. 

CHAPTER IX. 

1. 58{(aj-l)* + (y + 2)«}=i(7y-3« + 2)'. 2. J¥^^\ 



'•3s'v/!'(*3i.»).(»-^?)- 



5. ex^y = a, ea;ifey = ~a; at i^, ^^ 6. -^+ i_ « =^' 

- ase' yy ^x-^x' cfx Vy __ aV ,, 
a* 6' ~ a ' a5'-a y ~a^-a 

9. -cos^+ rsiu ^= 1, oossec^— ^oosec^ = a' — 5*. 
11. Without. 12. 64a?"=49y" = ^. 

ft 

15. 4(ay + 6V-a«6«) = (a^ + y»-a*-6y . tan'o, if a be the 
given angle. 

16. Four from points in ^S'\ two from other points in the 
major axis : from a point Q^ in the minor axis four or two according as 

9 9 

CQ' ^q^^?lL. (Art. 126). 

21. When GF = CD. 

i" V* 1 

25. The locus of (7P*s middle point is -i + 7* = 7 . 

^ a 6 4 

26. {a' + 6«)(ya?'-ajy') = (a*-ft")(«B'-3^'-«" + y). 
29. BF, S'F are bisected by CF, CT\ 

'^- 5^?=^' ^-^^^i- (^^^2^>- 
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33. One pair bisects the chords joining the extremities of the 
other two. (Arts. 67, 140). If the diameters hey = mx, y = 



a"w*' 



y = mxyy = — j— „ the condition is »»'-m = A (r. «m»'+- j . 
^ am \p aj 

34. 2 = sintfd=Je*Bin*tf-co8'A 
r ^ 

37. aj"^-5--i^-y*^T5--i) = 0. 38. The four tangents are 

X J^^V * y JiT^ = * c J'ir^\ (Art. 128). 
39. sec-' ^ T^TFT? ; 1 ^(a«-c")(c'-6"). (See Ex. 23). 

41. An ellipse: transfer the origin to the point and use polar 
co-ordinates. 43. A circle. (Art 129). 

44. (Art. 127). The foci are angular points of a rectangle 
whose sides are perpendicular to the tangents. 

45. Transform the equation by moving the origin to the vertex. 

46. = 1 + e cos tf («S^ being pole) : 

r' (a'sec* 0-hb' cosec'fl) = (a« - by {G being pole^ (cf. Art 127) ; 

47. Take A, A' successivelv for poles. 

48. A rectilinear ellipse SS\ 49. The circle on AAl. 

51. A line parallel to the tangent at the given point 

52. {Adf + (Bh)^ = (?. 53. Ex. 52. 
54. Transfer the origin to the point. 

CHAPTER X. 
1. 13(aj« + y') = 2(aj-5y + 3)\ 2. ^;^, 6^|. 

3. 2 ./ -=: ^ — 2 or ^ — = , accordmg as (7 is positive 

' 'V 5 A B 

/ 1 7\ 1 /243 1 /2l3 
or negative. 4. ^- jq» -j^ ^ 2 V "5~ ' 5V ~2" * 

8. Salmon's G(mio Sectiona, 4th Ed., Arta 185, 202. 
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10. Wnte the given eqaation ( « + -s ) - (^ "" 9 J ~ — i ^' 

The required equation is 7^ ~ ^ -k- Ax •¥ By •¥ — 5 (7=0. 

12. A hyperbola. 

13. Take P at il^ ^ and the points 90* from A, B. 

14. (i4a)'-(56)' = C. 16. The concave. 

21. No (Art 152); each asymptote is its own conjugate. 

22. aj(ai'-y'cosw)-y(y'-« coe«) = a5'*-y'". 

23. rr' sin(tf + tf7 = a*, r COB (^ + ^) = r'co82A 24. Art. 150. 

It IT 

25. The tangents at the origin are ^ = 7 » ^ == ~ t • 

26. The equation for ^ : f is 

^(ay-c») + r(ay-.c^4-/r(iry' + aj'y-2c") = 0. 

27. Art. 156. The same line from G bisects P©, FQf. 

29. Refer to the asymptotes. 32. 2e-y = ifecsec-^. 

33, 34, 35. The equation in each case tends to become ^ = 0: 
the form tends to coincidence with a straight line^ of which a finite 
part is wanting (see Art. 230). 

36. The foci are at the centi'e : the directrices coincide and 
bisect an angle between the lines. (See Art 230.) 

37. (Art 164). The point is where the circle meets BR, 

42. A hyperbola. 

43. Let il, ^ be the two curves. Then B is the locus of the 
pole with respect to ^ of any tangent to A. 

44. For instance, 4, 7, 10, 15, 17, 23, 25, 28, 35, 50, 54. 

CHAPTER XL 

4. (I) is a parabola ; (2), (3) are hyperbolas. 
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6. 22J;a'=-i^ 6'=_270_ 

r. V* VI' »^/|. ^vAj. 

9. («-A)«' + (6-X)y« + 2c'ay = 0; (a-X)(ft-X) = <j*. 
1, /^J2-2 3»- /2 , 

12. Ai' + X'^ = e,X5'+X'if = 2). The asymptotes are 

Jx + JJy + X, ^'(B + ^yy + X'. 

13. «-y = -|, a:+3y=_^. 

diameiers^" ""'^ "^ ''•'^*"' ^ * ^y + ^' ^'"^ + ^y + C' are conjugate 
16. Draw parallels to ri> re through -& 17. See Art. 217. 

21. Without. 22. Without. 23. 2:1, 

^5. A circle (for the parabola, a straight line). 
2o. The polar equation is - = ^ (^. 

27. {/•+ ^- 2fg cos«) (/& + ^) + (/_y oosw) 6'+ (g-fcot^)a'=. 0. 

28. (a*-c'^(«' + y'+2a!3/cosa)) = A(a + 6_2c'oos«). 

29. For the focus (Chap. viii. Ex. 8, 9, and Art. 109) 
r8in0cose = a: for the vertex (Art. 26) x^a"^^, y = a"'»'i 
whence a*y* + »%* = a*. ""* ''*'**' 

30. At the origin, 0", at the points (1 * ^ri, I , ^Ti), tan- 2 

31. ?- y- ^•-«' 

a 6 a' + 6* + 2a6 cos cu * 
50 183^^ *^^ parabola y'^iax the locus is y" = 4a (« - 4a). (Art. 

36. With centre at an angular point or middle point of a side 
an infinite number of conies circumscribe the triangle; with centre 
elsewhere in a side, one only, and that rectilinear. 
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38. The nine points are centres of rectilinear conies of the system. 

39. Let D be the orthocentre of A^ B^ C. The locos of centres 
of the conies ABGD is a circle. 

41. Oenerallj two parabolas and one rectangular hyperbola : 
if one point be the orthocentre of the other three, an infinite number 
of rectangular hyperbolas : if the fonr points lie in a straight line, 
an infinite number of parabolas and rectangular hyperbolas, all 
rectilinear. 

42. Generally four (cf. Art. 261). 
44. iia; + % + ^^' = 0. 

46. The points where the conic is met by the lines 

ax-k-cy -^1/ = 0, ex-k-hy -^a— 0. 

47. (1) A hyperbola; centre (0, 1), asymptotes a:, a; + y — 1 : 
the curve is on the positive side of each : a' = 10 {J2 — 1), 
6* = 10 (^2 + 1). 

(13 2\ 
-H-, o) *^d lying 

on the positive side of that line; axis a5 + y-5 = — -, 

3 / 25\ / 17\ 

latus rectum -^, vertex [i\\, jg j , focus (^3^', ^ J . 

(3) An ellipse; magnitudes of semi-axes J5 ^ 1 ; directions 
a: + (2db75)y = 0. 



CHAPTER XII. 



7. 3a: + y = ^J. 8. (a, 0), (^^, 26). 
9. One (Chap. ix. Ex. 52,) 



11. The conditions are Jla^ Jwh^ Jnc-0 (the signs of the 
ladicals being independent of each other). 

a c 6 m n 46c 
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12. The focus ia — ,= -=1-= -? ; tihe directrix is 

ah <r 

la mB ny * 



tan A tan £ tan G 
18. See Ex. 5 or Art. 212. 

CHAPTER XIII. 

6. Arts. 177^ 256. 6. Project the ellipse into a circle as 

in Art. 223. 13. First part: One of the points Q, Q is at 

infinity (else no tangent plane could be parallel to tj); let this be Q^ 
so that UM is constant. Then PJ/* « QM. 

Second part : If J^' be at infinity, the plane VDM is fixed and 
DM ~ ^^ ^^^ ^^' ^^^^* Therefore PM^ oc DM. VU oc QM.QfM. 

16. Project the given line to infinity. 17. The line pro- 

jected to infinity may cut the conic, and in such cases the projection 
cannot be really performed. 19. Keciprocate with respect to 

the centre. 21. The point where the tangent meets a line 

through the origin perpendicular to the given point's radius vector; 
two points on 0*s polar with respect to the circle, whose vectorial 
angles ^, ff^ measured from OD (fig. to Art 243), are such that 

cot $ , cot 



-=©•-•• 



22. Chap. vui. Ex. 30, and Chap. x. Ex. 40: The distance 
between two parallel tangents to a cii*cle is equal to the diameter ; 
Chap. X. Ex. 30 (by reciprocating with respect to an angular point of 
the triangle) : 

If a parabola touch two sides of a triangle and have the ortho- 
centre of the triangle on its directrix, it touches the third side. 

Chap. xii. Ex. 12. If a triangle be inscribed in a circle and 
the points diametrically opposite to the angular points be joined to 
any point on the circle, the intersections of the joining lines with the 
corresponding sides of the triangle lie in a straight line. 



CHAPTER XIV. 

4. a:"+2<jMBy + ay + 2cy=0. 

(1) The oval shrinks into a conjugate point. 
6. (2) The oval unites itself to the infinite branch and a 
double point results. 
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9. t. 4 — ^. 10. At the points whOTe aj = 8a. 

a 

13. (1) a:=2aj y = *(a: + a). (2) ay + a^y=0. 

2a 
(3) a:*^.y = -5-. 15. a; + a = *y. 

16. The double points are (0, 0), (1, 1), (1, - 1). 

1 3 

Two of the double tangents are as = — =^, aJ = «• 

ill ^ 

22. (4) See Ex. 17. (5) This curve is an endless 

pattern. 
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For the Use of Colleges and Schools, and for Students preparing for the Three Days' 
Examination in the Senate-house. By P. T. MAIl^, M.A., Fellow of St. Jolm's 
College. 8yo. Ta. 6d. 



Trigonxymetry. 

jcts for Honours accord 
the Senate, June, 1866. ' By J. McDOWELL, M.A., F.R.S., Pembroke College, 



Beauired for the Additional Subjects for Hono^j^cordmg to the newjcheme sanctioned 
by the Senate, June, 
Cambridge. 39. 6d, 



Mechanics, 

For the Preyious Examination and the Ordinary B.A. Degree. By J. MCDOWELL, 

M.A., Pembroke College, Cambridge. Za. 6d. 

Elementary Analytical Geometry, 

For Schools and Beginners. By T. G. VYVYAN, M. A., Fellow of Gonyille and Caius 
College, and Mathematical Master of Charterhouse. Crown 8yo. *Ja, 6iL 

An Introduction to Plane Co-Ordinate Geometry. 

By W. p. TURNBULL, M.A., Fellow of Trinity College. [/n thepreas. 

Accidence Papers 

Set in the Preyious Examination, December, 1866. Price 6d, 

Now ready, price Sa, Second Edition, reyised and corrected in accordance with the 

recent regulations, 

The Student's Guide to the University of Cambridge. 

" Partly with the view of assisting parents, goardians, schoolmasters, and stadents intending to 
enter their names at the University — ^partly also for the benefit of undei^radaates themselves— a very 
complete, though concise, volume has just been issued, which leaves little or nothing to be desined. 
For lucid arrangement, and a rigid adherence to what is positivdy useful, we know of few m.anuals 
that could compete with this *' Student's Guide/' It reflects no little credit on the University, to 
which it supplies an unpretending, but complete, introduction."— i8Mi<r<toy Iteview, 



Cmtbfib^, Jum^ 1867. 

EDUCATIONAL BOOKS 

PUBLI8HSD BT 

MESSES. DEIGHTON, BELL, AND CO. 

§^§ntis to t^t IRnibtiBiiy. 



6rttit anil itattn Certier. anto College Cejrt Sooitier. 



CABEFULLY REPRINTED FROM THE BEST 

EDITIONS. 

fThis wtaAsM ia Intended to mipply for the nae of 
Schools and Students cheap and aeonrate editions 
of the Classics, which shall he superior in me- 
chanical execution to the small Oerman editions 
now current in this country, and more oonyenient 
inform. 

As the editors haye formed their texts from 
a careftil ezaminaticm of the best editions extant. 
It is believed that no texts better for genial use 
can be found. 

The volumes are well printed at the Cambridge 
University Press, in a 18mo. size, and are issued 
at short intervals.] 

Now readyt neatly hound in eioth. 

NOVUM TESTAMENTUM Graecnm, 
Textns Stephanid, 1550. Accedunt variae 
lectiones editionum Bexae, Elzeviri Lach- 
manni, Tiwhendorfil, Tregellesii. Ed. auct. et 
emend. Curante F. H. Scrivsnsr, A.M. it, 6d. 
An JBdUum on Writing-paper far JSotee, 4to. 
Ka^f-botrnd. Ha, 

AESCHYLUS, ex noyissima recensione 
F. A. PAI.ST, A.M. Price U, 

CAESAE DE BELLO GALLICO, recen- 
suit G. Long, A.M. 2«. 

CICERO DE SENECUTE ET DE AMI- 
CITIA ET EPISTOLAE BELECTAE, recen- 
suit G. Long, A.M. 1«. 6d. 

CICERONIS ORATIONES. Vol. L Re- 
censuit G. Lomo, A.M. U. 6d. 

EURIPIDES, ex recensione P. A. Palby, 
A.M. 8 Vols. each8«. (U. 

HERODOTUS, recensuit J. W. Blaxes- 
I.XT, S.T.B. 2 Vols. 8«. 6d. each VOL 

HORATIUS, ex recensione A. J. Mao- 

IXANB, A.M. 2«. 6tf. 

JUVENAL ET PERSIUS, ex recensione 
A. J. Maclbanb, A.M. 1«. M. 

LUCRETIUS, recognovit H. A. J. Munbo, 
A. M. 2a. 6d, 

SALLUSTI CATILINA et JUGURTHA, 
recognovit 0. Lono, A.M. la, 6d. 

THUCYDIDES, recensuit J. G. Donald- 
son, S.T.P. 2 Vols. Za. 6d, eadi voL 

VERGILIUS, ex recensione J. CoifiNOTOir, 
A.M. Za,6d. 

XEN0PH0NTI8 EXPEDITIO CTRI, 
recensuit J. F. MAomcBASL, A.B. 2s. 6d, 

Othera in Preparation. 



A Seriea of Elementary lYeatiaea adapted for 
the Uae of Studenta in the VntoeraUiea, 
SchooUj and Candidatea for the Pubiie Ex- 
aminatuma. Uniformly printed in Feap, 8eo. 

[In order to secure a general harmony in the 
treatment, these works will be edited by Members 
of the University of Cambridge, and the methods 
and processes employed in University <»<w>hlng 
will be followed. 

Principles will be carefully explained, clearness 
and simplicity will be aimed at, and an endeavour 
will be made to avoid the extrane brevity which 
has so frequently made the Cambridge treatises 
too difficult to be used by those who have not had 
the advantages of a private Tutor. Copious ex- 
amples will be added.] 

Now Ready, 

MENSURATION, An Elementary Trea- 
tise on. By B. T. Moons, M.A., Fellow of 
Pembroke College, Professor of Mathematics, 
Koyal Staff College, Sandhuxvt. With nu- 
merous Examples, ba, 

" On the whole we are of opinion that Mr. 
Moore haa auceeeded in producina a really uaeful 
book ; and we have no hesitation m recommending 
it aa the heat Work on Menauration we have met 
with, Thia volume forma one of a Seriea ef 
School and Oollepe Text Bookat on elementary 
aubjeetat of whtch we ahall be glad to aee 
morCf for Judging by the apeeimen before im, we 
believe they are likely to prove valuable additiona 
to the very few really good School bot^ which we 
have on mathematieal m/^«et«."— Educatiokal. 
TncES, Jan. 9. 

ELEMENTARY HYDROSTATICS. By 
W. H. Besamt, M a., late Fellow of St. John's 
College. 4«. 

ELEMENTARY TRIGONOMETRY. 
With a Collection of Examples. By T. P. 
HuosoK, M A., Fellow of Trinity Coll^jfe. 
ia. Gd. cloth. 

ARITHMETIC. For the Use of Colleges 
and Schools. By A. Wuolet, M.A., Professor 
of Bfathematics in the late Boyid Military 
College, Addiscombe. Za. 6d. cloth. 

ELEMENTARY STATICS. By the Rev. 
HA.KVXT OooDWiM, D.D., Dcsu of £ly. 
ia. doth. 

ELEMENTARY DYNAMICS. By ihe 
Bev. HinvET Ooonwxv, D.D., Dean of Ely. 
8«. cloth. 

ELEMENTARY GEOMETRICAL CONIC 

Fdlow of St. John's College. [In the Pre 
Othera in Preparation. 
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ABJTBMETIC AND ALGEBRA. 



Arithmetic. For the Use of Schools and 

Colleges. By the Bey. A. WBI6LET, M.A. Zb. ed. 



Principles and Practice of Arithmetic. Com- 




finth Editum, with QuestioiiB. 4s. 6d, 

A Second Appendix of Miscellaneous Questions, (many of which haye been 
taken from the Examination Papers giyen in the Uniyersity during the 
last few years,) has been added to the present edition of this work, which 
the Author considers will conduce greatly to its practical utility, especially 
for those who are intended for mercantile pursuits. 

*«* KEY, with Questions for Examination. Second Edition. 6a. 



A Progressive Course of Examples in Arithmetic. 

With Answers. By the Rev. JAMES WATSON, M.A., of Corpus Christi 
College, Cambridge, and formerly Senior Mathemati<»l Master of the Ordnance 
School, Carshalton. Second Edition, revised and corrected. Fcp. 8yo. 2s. 6d. 



Principles and Practice of Aiithmetical Algebra, 

established upon strict methods of Mathematical Reasoning, and illustrated by 
Select Examples proposed during the last thirty years in the Uniyersity of 
Cambridge. JDesigned for the Use of Students. By the Rey. J. HIND, M.A. 
Third Edition. 12mo. 68. 

Designed as a sequel to the Arithmetic, and affording an easy transition from 
Arithmetic to Algebra — ^the process being frilly exemplified from tiie 
Cambridge Examination Papers. 



Elements of Algebra. Designed for the Use of 

Students in Schools and in the Uniyersities. By the Rey. J. HIND, M.A. 
Sixth Edition, revised. 540 pp. 8yo. lOs. ed. 



Treatise on the Theory of Algebraical Equations. 

By the Rey. J. HTMERS, D.D. Third Edition. 8yo. lOs. 6d. 



Published hy DeiffMon, Bell, and Co., Cambridge. 



TRIQONOKETRT. 

Trigonometry, required for the Additional Subjects 

for Honours, according to the new scheme sanctioned by the Senate, June 1865. 
Bj J. MCDOWELL, M.A., Pembroke College, Cambridge. Cm. 8yo. 3«. M, 

Elementary Trigonometry. With a Collection 

of Examples. By T. P. HUDSON, M. j^ ., Fellow and Assistant Tutor of Trinity 
College. 3«. 6^. 

Elements of Plane and Spherical Trigonometry. 

With the Nature and Properties of Logarithms and the Construction and Use 
of Mathematical Tables. Designed for the use of Students in the Uniyersity.' 
By the Rev. J. HIND, M.A. Fifth Edition. I2mo. 6«. 

Syllabus of a Course of Lectures upon Trigono- 
metry and the Application of Algebra to Greometry. Byo. Ta. 6d. 

Solutions of the Trigonometrical Problems pro- 
posed at St John's College, Cambridge, from 1829 to 1846. By the Bey. T. 
GASEIN, M.A. 8to. 9«. 

MECSANICS AND BYDR08TATICS. 

Mechanics for the Previous Examination and 

the Ordinary B.A. Degree. By J. McDOWELL, M.A., Pembroke College, 
Cambridge. Crown 8yo. 3«. M. 

Elementary Hydrostatics. By W. H. Besant, m.a. 

Fcap. 8yo. A». 

Elementary Hydrostatics for Junior University 

students. By B. POTTEB, M.A., late Fellow of Queens' College, Cambridge, 
Professor of Natural Philosophy and Astronomy in Uniyersity College, London. 

Written to supply a Text-book for a Junior Mathematical Class, and to 
indude the yarious Propositions that can be solyed without the Differential 
Calculus. 

The author has endeayoured to meet the wants of students who may look to 
hydraulic engineering as their profession, as well as those who learn the 
subject in the course of scientific education. 

Treatise on Hydrostatics and Hydrodynamics. 

By W. H. BESANT, M.A. 8yo. 9». 

The Principles of Hydrostatics : an Elementary 

Trea tise on the Laws of Fluids and their Practical Application. By T. 
WEBSTER, M.A. 8vo. 7». 6rf. 

Problems in illustration of the Principles of 

Theoretical Hydrostatics and Hydrodynamics. By W. WALTON, M.A. 8yo. 
10«. ^. 
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MECHANICS AND HYDROSTATICS^ eoniinued. 

Elementary Problems in Statics and Dyna^- 

mic8. Desired for Candidates for Honours, first three days. By W. 
WALTON, M. A. 8yo. 10<. 6rf. 

The Propositions in Mechanics and Hydrostatics 

which are required for those wlio are not Candidates for Honours. With 
Illustrations and Examples collected from yarious sources. Bj A. C. 
BARRETT, M.A. Third Edition. With additions and corrections. Crown 
8yo. 6«. 

Mechanical Euclid : containing the Elements of 

Mechanics and Hydrostatics. Demonstrated after the manner of the Elements 
of G eometry, containing Remarks on Mathematical Reasoning. By W. 
WHEWEIJL, DJ), Fifth Edition. 6s, 

Elementary Statics. Or a Treatise on the 

Equilibrium of Forces in one Plane, with nimierous Examples. By C. J. 
ELLICOTT, B.A. 8yo. 4t. 6d. 

Elementary Statics. By the Very Rev. H. 

GOODWIN, D.D., Dean of Ely. Fcap. 8yo. 3«. doth. 

Elementary Dynamics. By H. Goodwin, d.d. 

Fcap. 8yo. Zs. cloth. 

Treatise on Statics: containing the Theory 

of the Equilibrium of Forces, and numerous Examples Illustratiye of the 
General Principles of the Science. By the Rey. S. EARNSHAW, M. A. Fourth 
Edition. Syo. 10«. 

Dynamics, or, a Treatise on Motion. To which 

is added a Short Treatise on Attraction. By the Rey. S. EARNSHAW, M.A. 
7%ird Edition. 8yo. 14«. 

A Treatise on the Dynamics of a Rigid Body. 

By the Rey. W. N. GRIFFIN, M.A. 8vo. 6». 6d. 

♦♦♦ SOLUTIONS OF THE EXAMPLES. 8yo. 6t. 

Problems in illustration of the Principles of 

Theoretical Mechanics. By W. WALTON, M.A. Second Edition. Syo. ISs. 

Treatise on the Motion of a Single Particle and 

of two Particles acting on one another. By A. SANDEMAN. Svo. Ss. 6d. 

Of Motion. An Elementary Treatise. By the 

Rey. J. R. LUNN, M.A., Fellow and Lady Sadleir's Lecture of St. John's 
College. Syo. Is, 6d. 

This Book is adapted to those who haye not a knowledge of the Differential 
Calculus, as well as to those who, haying a knowledge of it, wish to 
confine themselyes to the Elementary portions of the Science of Motion. 
An Apx)endiz contains certain Geometrical properties of the Cycloid, and 
a number of Problems from recent Examination-Fapers in the Senate 
House and St. John's College. 
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DIFFERENTIAL AND INTEGRAL CALCULUS. 

Elementary Treatise on the Differential Calculus. 

By W. H. MILLER, M.A. Third Sditum, 8yo. 6f. 

Elementary Treatise on the Differential Calculus, 

in which the method of LimiiB is exolunyely made use of. By the Ber. M. 
O'BRIEN, M.A. 8yo. \09.M. 

Treatise on the Differential Calculus. By W. 

WALTON, M.iu 8vo. 10«. 6rf. 

Treatise on the Integral Calculus: containing 

the Integration of Explicit Functions of one Variable, together with the 
The ory of Definite Integrals and of Elliptic Functions. By the Rey. J. 
HYMERS, D.D. Syo. 10«. M, 

Geometrical Illustrations of the Differential Cal- 
culus. Bj M. B. PELL. Syo. 2». 6d. 

CONIC SECTIONS AND ANALYTICAL GEOMETRY. 

Elementary Analytical Geometry for Schools and 

Beginners. By T. G. YYYTAN, Fellow of Gonville and Caius College, and 
Mathematical Master of Charterhouse. Crown 8vo. 7«. 6<f. 

Trilinear Co-ordinates, and other methods of 

Modem AmUytieal Geometry o f Tw o Dimensions. An Elementary Treatise. 
By the Rev. W. ALLEN WHITWORTH, M. A., Professor of Mathematics in 
Queen's College, Liverpool, and late Scholar of St John's College, Cambridge. 
8vo. 16«. 

Elementary Geometrical Conic Sections. By 

W. H. BESANT, M.A. [/« the Frees, 

Conic Sections. Theirprincipal Properties proved 

Geometrically. By the late 'W: WHEWELL, D.D., Master of Trinity. 
Third Edition, 8vo. 2e, ed. 

Geometrical Construction of a Conic Section. 

Subject to five Conditions of passing through given points and touching 
straight lines deduced from the properties of involution and anharmonic 
Ratio, with a variety of general properties of Curves of the Second Order. 
By the Rev. T. GASKIN, M.A. 8vo. Se, 

Treatise on Conic Sections, and the application 

of Algebra to Geometry. By the Rev. J. HYMERS, D.D. Third Edition, 
8vo. 98, 

A Treatise on the Application of Analysis to 

Solid Geometry. By D. F. GREGORY, M,A., and W. WALTON, M.A. 
Second Edition, 8vo. I2«. 

An Introduction to Plane Co-ordinate Geometry. 

By W. P. TURNBULL, M. A., Fellow of Trinity CoUege. [In the Tfeea, 
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CONIC SECTIONS AND ANALYTICAL OEOMETRY—aimtiMud, 

An Elementary Treatise on Solid Geometry. By 

W. S. ALDIS, M.A. 8ya 8«. 



Treatise on Analytical Geometry of Three 

Dimensiona. Gontaiiiiiig &e Theory of Gmre Surfaoes, and of Cunres of 
Double Cunrature. By J. HTMERS, D.D. Third Editton. 8yo. iOa.6d. 

Problems in illustration of the Principles of 

Plane Co-ordinate Geometry. By W. WALTON, M.A. 8yo. ISs, 

Elements of the Conic Sections. With the 

Sections of the Conoids. By J. D. HUSTLEB, B.D. Fourth Edition. 
Byo. 4t, 6d. 

Treatise on Plane Co-ordinate Geometry. Or 

the Application of the Method of Co-Ordinates to the Solutions of Problems in 
Plane Geometry. By the Bey. M. O'BBIEN, M.A. 8yo. ds. 

Solutions of the Geometrical Problems, consisting 

chiefly of Examples, proposed at St. John's College, irom 1830 to 1846. 
With an Append contaming seyeral General Properties of Curyes of the 
Second Order, and the Determination of the Magnitude and Position of the 
axes of the Conic Section represented by the General Equation of the Second 
Degree. By the Bey. T. GASEIN, M.A. 8yo. 12«. 

A8TB0N0MT, ETC, 

Elementary Treatise on Astronomy. For the use 

of Colleges and Schools, and for Students preparing for the Three Days* 
Examination in the Senate-house. By P. T. MAIN, M.A., Fellow of St. 
John's College. 8yo. 7«. 6^. 

Practical and Spherical Astronomy. For the Use 

chiefly of Students in the Uniyersities. By the Bey. B. MAIN, M.A. 
Badcufie Obseryer at Oxford. 8yo. 14«. 

Brunnow's Spherical Astronomy. Part I. In- 
cluding the Chapters on Parallax, Befraction, Aberration, Precession, and 
Nutation. Translated by the Bey. B. MAIN, M.A., F.B.S., Baddiffe 
Obseryer at Oxford. 8yo. 8«. 6^. 

Elementary Chapters on Astronomy from the 

« Astronomie Physique" of Biot. By the Very Bey. HABVEY GOODWIN, 
D.D., Dean of Ely. 8yo. 3«. ^, 

Terrestrial and Cosmical Magnetism. The 

Adams Prize Essay for 1866. By EDWABD WALKEB, M.A., one of the 
Masters of Cheltenham College, late Fellow and Assistant-Tutor of IVinity 
College, Cambridge. 8yo. 15Ji. 



Fuhlithsd hy Deightm, JBeU, and Co., Cambridge. 11 

Exercises on Euclid and in Modem Geometry, 

oontaining Applications of the Principles and Processee of Modem Pure 
Geometry. By J. McDOWELL, B.A., Pembroke College. Croim Syo. 8«. M, 

Elementary Course of Mathematics. Designed 

Principally for St ndent a of the UniyerBity of Cambridge. By the Very Ber. 
[ABYEY GOODWIN, D.D., Dean of Ely. Sixth Edition, leyiaed and en- 
larged by P. T. MAIN, M.A., fellow of St. John's ColL, Cambridge. 8yo. 16f. 

Problems and Examples, adapted to the 



"Elementary Course of Mathematics." With an Appendix, contuning 
the Questions proposed during the first three di^s of uie Senate ~ 
Examination. By T. G. YTYYAN, M. A. Third idition. Syo. 6s, 



Solutions of Goodwin's Collection of Problems 

and Examples. By W. W. HUTT, M.A., late Fellow of Gonyille and Gains 
College. Thifd Ediiim^ rwiwd and eniarged. By the Bev. T. G. YYYTAN, 
M.A. 8yo. 9«. 

Newton's Principia. First Three Sections, with 

Appendix, and the Nintii and Eleyenth Sections. By the Bey. J. H. EVANS, 
M.A. Fourth Edition. 8yo. Sa. 

Examples in Arithmetic, Algebra, Geometry, 

Logarithms, Trigonometry, Conic Sections, Mechanics, &c., with Answers 
and Occasional Hints. By the Bey. A. WBIGLEY, M.A., Professor 
of Matliematics in the late Boyal Military College, Addiscombe. Sixth 
Edition, corrected. Syo. 8s. 6d. 

A Companion to Wrigley's Collection of Ex- 
amples and Problems, being Illustrations of Mathematical Processes and 
Methods of Solution. By J. PLATTS, Esq., Head Master of the GK)yemment 
College, Benares, and Bey. A. WBIGLEY, M.A. Syo. 16s. 

Figures illustrative of Geometrical Optics. From 

SCHELLBACH. By the Bey. W. B. HOPKINS. Bates. Folio. 10a. ed. 

A Treatise on Crystallography. By W. H. 

MILLEB, M.A. Svo. 7s. 6d. 

A Tract on Crystallography, designed for Stu- 
dents in the Uniyersity. By W. H. MiLLEB, M.A., Professor of Mine- 
ralogy in the Uniyersity of Cambridge. Syo. 6s. 

Physical Optics. Part II. The Corpuscular 

Theory of Light discussed Mathematically. By BICHABD POTTEB, M.A., 
late Fellow of Queens' College, Cambridge, Professor of Natural Philosophy 
and Astronomy in Uniyersity College, London. 7«. 6d, 
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CLASSICAL. 

-^schylus. Translated into English Prose, by 

F. A. PAT.EY, M.A., Editor of the Greek Text. 8yo. 7<. 6^. 

Aristophanes. ComoediaB Undeeim cnm Notis 

et onomastioo. By the Ber. H. A. Holdbn, LL.D., Head Master of 
Ipswich Grammar School, late Fellow and Assistant Tutor of Trinity College, 
Cambridge. 8yo. 

The Pktyi teparatelyy !«., Is. &/. and 2«. eaeh. 

Demosthenes. The Oration against the Law 

of Leptines. With English Notes and a Translation of Wolfs Prolegomena. 
By W. B. BEATSON, M. A., Fellow of Pembroke College. Small 8yo. 6«. 

Demosthenes de Falsa Legatione. Third Edit. 

earefuOy revised. By R. SHHiLETO, M.A. 8to. Ss, 6d. 

Demosthenes, Select Private Orations of. After 

the Text of Dindobp, with the yarious Readings of Rbiskb and Bbkkbr. 
With English Notes. For the use of Schools. By C. T. PENROSE, A.M. 
Second Edition, 12mo. 4«. 

Euripides. Fabnlse Quatnor. Scilicet, Hippo- 

lytus Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac yeterum Editionum emendayit et Annotationibus instruzit 
J. H. MONK, S.T.P. EditioNova. 8yo. 12t. 

Separately — Hipfolytus. 8yo. cloth, 5«. Alcebtis. 8yo. sewed, 4«. 6^. 

Titi Lncreti Cari de Renim Natnra Libri Sex. 

With a Translation and Notes. By H. A. J. MUNRO, M.A., Fellow of 
Trinity College, Cambridge. Second Edition, revised throughout. 2 yols. 8yo. 
Vol. I. Text, 16«. Vol. II. Translation, 6«. May be had separately. 

Plato's Gorgias, literally translated, with an 

Introductory Essay containing a Summary of the Argument. By E. M. 
COPE, M.A., Fellow of Trinity College. 8yo. Is. 

Platonis Protagoras. The Protagoras of Plato. 

The Greek Text reyised, with an Analysis and English Notes. By W. 
WAYTE, M.A., Fellow of King's College, Cambridge, and Assistant Master 
at Eton. 8yo. 5s. (yd. 

Plautus. Aulnlaria. With Notes, Critical and 

Exegetical, and an Introduction on Plautian Prosody. By Dr. WILLIAM 
WAGNER. 8vo. 9s. 

Plautus. Mensechmei. 

Ad fidem Codicum qui in Bibliotheca Musei Britannici exstant aliorumque 
nonnullorum recensuit, Notisque et Glossario locuplete instruxit J. HIIJ)- 
YARD, A.M. Editio Altera. Is. ed. 

Sophocles. CEdipus Coloneus. With Notes, 

intended principally to explain and defend the Text of the Manuscripts as 
opposed to conjectural emendation. By the Rey. C. E. PALMER, M.A. 9s. 



Verse-Translations from Propertius, Book V. 

With a ReTued Latin Text, and Brief English Noten. By F. A. PALET, 
M.A., Editor of PropertiuB, Oyid's Faati, &c. Fq> 8vo. St, 

Propertius, The Elegies of. With English Notes 

and a VrefBuoe on the State of Latin Scholarship. By F. A. PALEY, Editor 
of ^schylua, &c. With copious Indices. iO«. 6d, 

Tacitus. Opera, ad Codices antiquissimos exacta 

et emendata, Uommentario critico et exegetioo illustrata. 4 toIs. 8yo. 
Edidit F. RITTEB, Prof. Bonnensis. Published at 1/. Bs., reduced to 14«. 

Theocritus, recensuit, brevi commentario in- 

stnixit F. A. PALEY, M.A. Crown 8vo. 4«. 6rf. 

P. Virgilii Maronis Opera. Edidit et syllabarum 

quantitates noyo eo que facili modo notayit THOMAS JARR£TT, M.A., Lin- 
goad Hebra» apus Cantabrigiensis Professor regius. One Yd., Syo., price 12«. 

Translations into English and Latin, by C. S. 

CALYEBLEY, M.A., late Fellow of Christ's College, Cambridge. Post 8to. 
78. 6d, 

Arundines Cami. Sive Musarum Cantabrigien- 

sium Lusus Canori. CoUegit atque edidit HENBIGUS DRURY, A.M., 
Archidiaconus Wiltonensis Collegii Caiani in Grscis ac Latinis Literis quon- 
dam PrsBlector. Equitare in arundine longa. Editio Sexta. Curayit 
HENRICUS JOHANNES HODGSON, A.M., Collegii SS. Trinitatis quon- 
dam Sodus. Crown 8yo. 7«. M» 

Foliorum Silvula. Part I. Being Passages for 

Translation into Latin Elegiao and Heroic Yerse. With Notes. Edited by 
HUBERT A. HOLDEN, LL.D., late Fellow of Trinity College, Head Master 
of Queen Elizabeth's School, Ipswich. Fourth Edition, Post 8yo. 7«. ^ 

Foliorum Silvula. Part 11. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Yerse. By HUBERT 
A. HOLDEN, LL.D. Third Edition, Post 8vo. 6». 

Foliorum Silvula. Part HI. Being Select 

Passages for Translation into Greek Yerse. Edited with Notes by HUBERT 
A. HOLDEN, LL.D. Post 8vo. 8«. 

Folia Silvulse, sive Eclogse Poetarum Anglicorum 

in Latinum et Gnecum conyersse quas disposuit, HUBERTUS A. HOLDEN, 
LL.D. Yolumeh Prius. Continens Fasciculos I. II. 8yo. 10«. 6tf. 

Foliorum Centurise. Selections for Translation 

into Latin and Greek Prose, chiefly from the Uniyersity and College Examina- 
tion Papers. By HUBERT A. HOLDEN, LL.D. Third Edition, Post 8yo. 8«. 

Progressive Exercises in Greek Tragic Senarii, 

followed by a Selection from the Greek Verses of Shrewsbuir School, and 
prefaced by a short Account of the Iambic Metre and Style of Greek Tragedy. 
For the use of Schools and Private Students. Edited by B. H. KENNEDY, 
D.D., Head Master of Shrewsbury School. Second Edition^ revised, 8yo. 8«. 
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WORKS BY THE LATE J. W. DONALDSON, D.D. 

A Complete Latin Grammar. Second Editixm. 

Very much enlarged, and adapted for the use of TJniyersity Students. 
8to. 14«. 

The enlarged Editicn of th$ Latin Cframmar hot been prepared with the tame 
objjeei ae the eorretpondittff tpork on the Greek Language, It m, however^ 
eepeeidUy deeigned to aerve ae a convenient handbook for those etudents who 
wieh to acquire the habit of writing Latin; and with this view ie furnished 
with on AntibarbaruSy with a full discussion of the most important synonyms, 
and with a variety of information not generally contained in works of this 
description^ 

A Complete Greek Grammar. Third Edition. 

Yerj much enlarged, and adapted for the use of TJniyersity Students. 
8yo. IBs. 

This enlarged Edition has been prepared with the intention of placing within 
the reach of Students at the Uhivernties, and in the highest classes at Schools, 
a Manual of Inetruetion and Hefereme, which, without exceeding the limits 
of the most popular works of the kktdy ufould exhibit a more exact and 
philosophical arrangement of the materiale than any similar book; would 
connect itself more immediatdy toith the researches of comparatvoe Fhilologers; 
and wotdd contain the sort of information which Ae author's long experience 
as a teacher and examiner has indicated to him as wu>8t likely to meet the 
actual wants of those who are engaged in the critical stw^ of the best Chreek 
authors. 

Without being formally based on any German work, it has been written toith 
constant reference to the latest and most esteemed of Chreek Grammars used on 
the Continent, 

Index of J^aseagsB <rf Greek Aufhors quoted or referred to in Dr. DonaldBOn's 

Oreek Grammar, price 6<2. 

Varronianus. A Critical and Historical Intro- 
duction to the Ethnography of Ancient Italy and to the Philological Study 
of the Latin Language. Third Edition, revised and cortsiderably enlarged. 
8yo. 16«. 

Independently of the original matter which will be found in almost every page, 
it is believed that this book presents a collection of knoum facts respecting the 
old languages of Italy which will be found in no single work, whether British 
or Foreign, and which must be gleaned from a considerable number of rare 
and expensive publications ; and while the lists of Oscan and Etruscan glosses, 
and the reprint of fragments and inscriptions, may render the treatise an 
indispensable addition to the dictionary, and a convenient manual for the 
professed student of Latin, it is hoped that the ekusical traveller in Italy will 
find the information amassed and arranged in these pages, sujlcient to spare 
him the trouble of carrying with him a voluminous library of reference in 
regard to the su^ects of which it treats. 

The Theatre of the Greeks. 

A Treatise on the History and Exhibition of the Greek Drama : with yarious 
Supplements. Seventh Edition, reyised, enlarged, and in part remodelled; 
with numerous illustrations from the best ancient authorities. Syo. 14«. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitiye Tests and Uniyersity Teaching. 
A Practical Essay on Liberal Education. Grown 8yo. 6s, 
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The Greek Testament : with a Oitically revised 

Text; a Digest of Yarious Headings; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Commentary. 
For the Use of Theological Students and Ministers. By &ENBT ALFOBJ). 
D.D., Dean of Canterbury. 4 yols. 8yo. Sold separately. 

Vol. I. FIFTH EDITION, Containing the Four GK)spel8. 1/. 8«. — ^Vol. II. fifth 
BDiTioN, containing the Acts of the Apostles, Epistles to the Romans and 
Corinthians. 1/. is. — Vol. III. fourth edition, containing the Epistles 
to the Galatians, Ephesians, Philippians, Colossians, Thessalonians, — ^to 
Timotheus, Titus, and Philemon. ISs, — ^Yol. IV. Part I. thibd edition. 
The Epistle to the Hebrews : The Catholic Epistles of St. James and 
St. Peter. 18».— Vol. IV. Part II. thibd edition. The Epistles of 
St. John and St. Jude, and the Reyelatlon. lis. 

Companion to the New Testament. Designed 

for the use of Theological Students and the Upper Forms in Schools. By 
A. C. BARRETT^ M.A. Fcp. 8yo. 5». . 

An Historical and Explanatory Treatise on the 

Book of Common Prayer. By WILLIAM GILSON HUMPHRY, B.D., late 
Fellow of Trini^ Colle^, Cambridge ; Vicar of St. Martin's in the Fields, 
Westminster. Third Edition, reyised and enlarged. Fcp. 8yo. is, 6d. 

Annotations on the Acts of the Apostles. De- 
signed principally for the use of Candidates for the Ordinary B.A. Degree, 
Students for H.olj Orders, &c., with College and Senate-House Examination 
Papers. By the Key. T. R. MASEEW. Second Edition, enlarged, 12mo. ds, 

Tertulliani Liber Apologeticus. 

The Apology of Tertullian. With English Notes and a Preface, intended as 
an introduction to the Study of Patristical and Ecclesiastieal Latinity. By 
H. A. WOODHAM, LL.D. Second Edition, 8yo. Ss. 6d, 

The Mathematical and other Writings of Robert 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity CoUege, with a Biographical 
Memoir by the Very Reyerend HARVEY GOODWIN, D D., Dean of Ely. 
8yo. 16«. 

The Mathematical Writings of Duncan Farquhar- 

SON GREGORY, M.A., late FeUow of Trinity CoUege, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity College, Cambridge. With a 
Biographical Memoir by ROBERT LESLIE ELLIS, M.A., late Fellow of 
Trinity College, 8vo. I2s, 

Astronomy and General Physics considered with 

reference to Natural Theology (Bridgewater Treatise). By the late Rey. W. 
WHEWELL. New Edition, uniform with the Aldine Editions. 68, 

Lectures on the History of Moral Philosophy 

in England. By the lat« Rey. W. WHEWELL, D.D., Master of Trinity 

College, Cambridge. New and Improved Edition, with Additional Lectures. 

Crown 8yo. 8*. 

The Additional Lectures are printed separately in Octavo, for the convenience 
of those ioho have purchased the former Edition, Price 3s, 6d, 
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Elements of Morality, including Polity. By the 

late Ber. W. WHEWELL, D.D. New Editumy in 8m Ifit. 

Kent's Commentary on International Law, re- 

Tifled with Notes and Oases broaght down to the present time. Edited by 
J. T. ABDY, LL.D., Barrister at Law, Besius Professor of Laws in the Uni- 
yeraity of Cambridge, and Law Lecturer at Giesham College. 8ro. 16«. 

A Manual of the Roman Civil Law, arranged 

according to the Syllabus of Dr. Halupax* Designe d for the use of Students in 
the UniTersities and Luis of Court By G. LEAPU^GWELL, LL.D. 8to. 12«. 

A Syriac Grammar. By G. Phillips, D.D., 

President of Queens^ College. Third Editum, revised and enlarged, 8yo. 7«. 6({. 

A Concise Grammar of the Arabic Language. 

By W. J. BEAMONT, M.A. Bevised by Sheikh Ali Nadt bl Bakhamt, 
one of the Sheikhs of the El Azhar Mosque in Cairo. 12mo. 7«. 

The Student's Guide to the University of 

Cambridge. Second Edition^ revised and corrected in accord- 
ance with the recent regulations, Fcap. Svo. bs. 

This Tolume is intended to gire roch preliminary information as may be tiseAil to parents, who 
are desirous of sendinr their sons to the Unirersity, to put them m possession of the leading 
facts, and to indicate uie points to which their attentian should be directed in — **iwg ftuiQier 
information fh>m the tutor. 

Suggestions are also given to the younger members of the Unirersity on expenses and course of 
reading. 

CONTBHTS. 

iNTRODUcnoK, by J. R. Skelst, M.A., Fellow On Law Studies and Law Degrees, by J. T. 
of Christ's College, Cambridge. Abdt, LL.D., Begins Professor of Laws. 

"*" SSS;^i"?S!S;?«X1^omiM^ Medlc,a8tady«.dDegr«»,byQ.M.H»K«„T, 

HaU. **•"• 

On the Choice ofa College, by J. K.8KBLBT, M.A. On Theological Examinations, by the Bight 
On the Course of Reacting for the Classical Ber. the Loan Bishop of Ely. 

V^f^Jl^^Ai^ ®""'' ^^^""^ ""^ TJ^® Ordfaiary (or PoU] Degree, by the Ber. J. 
on tS oJ™V^^"gTor the Mathematical gjj;-"' ^-^^ ^^e Fellow It Magdalene 

Tripos, by the Rev. W. M. Camfiok, Fellow v^"«=8«. 

and Tutor of Queens' College. Examinations for the Civil Service of India, by 
On the Course of Beading for the Moral Sciences the Bev. H. Latham. 

Tripos, by the B«v. J. B. Matok, FeUow Local Examinations of the University, by H. J. 

and Tutor of St. John's College. Bobt, M.A., bite FeUow of St. John's 

On the Course of Beadmg for the Natural College. 

Sciences Tripos, by J. D. LrvEiwo, M.A., tv,_i__„«- Q,_rf„^ 

Professor of Chemistry, late FeUow of St. Diplomatic Service. 

John's College, Detailed Account of the several CoUegea. 

Cambridge Examination Papers, 1859. Being 

a Supplement to the Cambridge UniTersityJUalendar. 12mo. 5«. 

Containing liiose set for the Tyrwhitf s Hebrew Scholarships. — Theological 
Elaininations. — Cams Prize. — Crosse Scholarships. — Law D^giree Ex- 
amination. — ^Mathematical Tripos. — The Ordinary B.A. Degree. — Smith's 
Prize. — Uniyersity Scholarships. — Classical Tripos. — Moral Sciences 
Tripos. — Chancellor's Legal Medals. — Chancellor's Medals. — Bell's Scho- 
larsnips. — ^Natural Sciences Tripos. — Preyious Examination. — Theological 
Examination. With Lists of Ordinary Degrees, and of those who haye 
passed the Preyious and Theological Examinations. 
The Examination Fapera of 1856, price 2«. ^, ; 1857 and 1858, 3«. 61^., fnay stiU 

be had. 
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